Les cahiers
Leibniz

Reusable containers within reverse logistic
context

Chandoul Afif, Van-Dat Cung, Fabien Mangione

Laboratoire G-SCOP n° 174
46 av. Félix Viallet, 38000 GRENOBLE, France
ISSN : 1298-020X Octobre 2008

Site internet : http://www.g-scop.inpg.fr/CahiersLeibniz/






Reusable container swithin rever se logistic context

Chandoul Afif*", Van-Dat Cung?, Fabien Mangione®

& LaboratoireG-SCOP 46, avenue Félix Viallet - 38031 Grenoble CedeX¥fance

Abstract
Due to economic and environmental constraints, ntaggnizations have started to ship
their products in reusable containers such as tgstllets, boxes and crates. Minimizing the
total flow cost arising from reusable containersisajor problem for these organizations. In
this paper we will focus on the modeling of thisktgem as a network flow, and the proposal
of an appropriate resolution method. This resoltiethod will allow us to better
understand the system behavior and can be an impotdol for studying related problems,
such as dimensioning and purchasing policy.

Keywords. Reusable transport packages, network flow, optitiimacontainer management,
supply chain.

1. Introduction

Since the mid-1980s, reusable containers have &ggpied by many companies. In 1987, for
example, the Bergen Brunswig Drug Company in Calitopurchased 120,000 returnable
plastic containers to replace one-use corrugatedrea The company ships from its 37
distribution centers to its 10,000 pharmacies, tiedt@n 40 states (D.Saphire, 1994). Many
other manufacturers in electronic goods and themaabile industry have also switched to
reusable containers. This adoption is essentialéytd potential economic benefits. It enables
companies to save money by decreasing packagirgriadatequirements: generally the cost
of reusable containers is amortized over theicjifde and the more the container is used the
more the cost per trip is decreased. It reducesdyatadamage due to shipping and handling
because reusable containers are generally stihdisrone-way container and they are
designed to withstand multiple uses thus providietier product protection. Other savings
are possible. Warehouse utilization can be imptdwereducing storage space requirements
since reusable containers can be stacked highewothexway containers. Improvements in
worker safety can reduce costs since their ergondesign reduces injuries from box
cutters, staples, debris and stray packaging(DiBg@®94). Furthermore, reusable
containers are better for the environment sincg teduce packaging waste. This can be a
tool to meet the waste reduction requirements gégunent regulations, which are especially
strict in EU countries (M.Karkkainen et al., 200dpwever, reusing containers requires a
more complex supply chain. The purchasing costsugable containers are significantly
higher than those of one-way containers. A reusati¢ainer, such as a plastic box, can cost
10 times more than a one-way container, such asragated box (D.Saphire, 1994).
Therefore, for reusable containers to be of benefficient container-management is a top
priority.

Despite the importance of specific container maeag#, there are few academic studies on
the subject. Those that do exist can be clasgifireter 4 headings:
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- Organisational these studies deal with the different issuesedlto the
implementation of reusable container systems,did&aboration and cooperation
between supply chain members. They, generallysstiee role of information
systems(Chan et al., 2005; Chan, 2007; Eelco dg &oal., 2004; M.Karkkainen et
al., 2004) .

- Environmental These studies present the environmental advastégeusable
containers compared to one-way containers(GasddranM., 1998; Gonzalez-Torre
et al., 2004; S. Paul Singh et al., 2006b).

- Economicin these studies, the economic benefits of rdasaintainers are shown
compared to one-way containers. Often, these stymlessent the environmental
advantages linked to economic benefits(Lerpongpiaret al., 2003; Martin, 1996;
Orbis, 2004; Stopwaste and RPA, 2008).

- Operational these studies propose mathematical tools thabhegncompanies
optimize the different aspects of their reusablet@mer systems. We can find studies
that propose models which optimize the total cestegated by the use of reusable
containers (transport storage, maintenance...). el with the problem of
container depot localisation(ED Castillo and Coohd996; Erera Alan L et al.,
2005a; Erera Alan L et al., 2005b; I. A. Karimiatt, 2005; Leo Kroon and Gaby
Vrijens, 1995).

In this paper we will deal with the operationalesif the problem. We will consider a system
that contains three kinds of site: customer sgapplier sites and depots:

A customer sités a facility that receives the loaded contairieym a supplier site. After the
containers have been emptied the customer camriéteim to depots or supplier sites for
storage and reuse.

A supplier sites a facility that receives empty containers frdepots or customer sites in
order to load and send them to customers.

A depotis a place in which we store empty containers dfftey have been used by
customers. Depots can supply suppliers with empiyainers. We suppose that storage is
also possible at customer and supplier sites.

Our purpose in this work is to propose a model dpitmizes the total cost resulting from
transportation between sites and storage and fmpeoan original resolution method for
some particular cases. This method is based orlesiagurring formulas that can be easily
solved for the different decisions variables. Tdas help us to better understand the system
behaviour and, in turn, can help us deal with otbted problems, such as system
dimensioning and purchasing policies for reusablgainers.

The remainder of this paper is organized as folldwsection 2, we will present a literature
review of the container management problem fromofterational side. In this review we will
concentrate on the work presented by Kroon andNsi(1995). In this work the authors
present a step-by-step analysis of the operatihgig® of container management systems.
This work will be a reference for our paper. Intget3, a description of our problem will be
presented in detail and an optimization modelhanform of a network flow problem, will be
developed. This model is a basic formulation ofd¢hse with several customer sites, several
supplier sites and several depots under some $ymgliassumptions. In section 4, we will
simplify the model and treat the case of one custasiie, one supplier site and one depot. In
this section an original resolution method willdeveloped. In section 5, a result analysis and
interpretation will be presented. In the final s&atwe will outline our future intentions for
extension and enhancement of the presented model.

2. Literature Review

Most of the existing works have focused on seaatnat management. This is due to their
large cost. One of the problems which has beenestus container repositioning. Kariret




al. (2005)presented a new linear programming methodologydase continuous-time
approach which they called the event-based “pydpraach. In this continuous-time
representation, the principieto fix all possible event timespriori, taking into account

some simplifications and assumptions. Initiallghaonologically ordered superlist of
possible instances is generated identifying whafitainer movements (events) may occur
and the types of movements that may occur at aathiastance. This superlist of times and
events is then used to develop a linear programithiBy formulation whose solution will
define the events that minimize the total logigficw) cost. Ereraet al. (2005)proposed two
different formulations, one deterministic(Erera ilaet al., 2005a), one stochastic(Erera
Alan L et al., 2005b), for the same problem. Indle¢gerministic formulation, they integrated
container booking and routing decisions with repasing decisions in the same model. They
believe that a container operator who uses thiaditation via a global system may indeed be
able to reduce costs and improve equipment utidineds compared to the standard
approaches which ignore container routings. InSteehastic formulation they presented a
stochastic model in which uncertain parameterassemed to fall within an interval around
a nominal value and they established some condifimnrobust flow under certain

definitions.

Similar work has been developed in the soft driftddsl for the returnable bottle. Del Castillo
and Cochran (1996) modelled the reusable bottldymtion and distribution activities of a
Soft Drink Company. They optimized the problemamis of increasing the number of empty
bottles available in order to make the comany neorapetitive This is an alternative to the
total cost optimization when cost calculation i$ passible.

It is important to note that the majority of textsal with the problem in specific cases (sea
containers or returnable bottles). The only teat the found that considers the problem in the
general case is the paper of Kroon and Vrijens%1L98 this paper, the authors classified
returnable container systems into three groupsraipe on their operating policies: switch
pool systems, systems with return logistics, arsiesys without return logistic.

In aswitch pool systenparticipants have their own allotments of corgesn Thus the

cleaning, maintenance and storage are the respdgsibeach pool-participant. Pool-
participants may be the senders and recipientbessenders, carriers, and recipients of the
goods. If only the sender and the recipients dodtedl containers, a transfer will take place
when the goods are delivered to the recipienthism¢ase, the role of the carrier is to transport
the loaded container to the recipients and to mettug empty containers to the sender.
Alternatively, the carrier is also allotted contis and replaces the loaded containers with
empty containers when it picks up a load from alseor recipient.

In asystem with return logisticghe containers are owned by a central agengy. It
responsible for returning the containers after tyunloaded. There are two variants of this
system.

» Transfer system: the core of this system is that the sender alwags the same
containers. He is responsible for tracking, tracmgintaining, cleaning and storing
them.

» Depot system: Under the depot system, the empty contaitiettsare not in use are
stored at container depots, which can supply thdess with empty containers on demand.

In the last systenthe system without return logistjdbe containers are owned dbgentral
agency, and the sender rents them for fixed peribials containers return to the agency after
use. The sender is responsible for return logistiemaning, maintenance, storage and control.
In the same paper, Kroon and Vrijens (1995) prog@smathematical model for the design of
a return logistics system for returnable contaimats a depot system variant. The main
purpose of the model is to determine the suitablabrer of containers, the appropriate
number of container depots and their locationgd®into minimize the total cost.



The model considered in our paper assumes thetop&aising a system with return
logistics with the depot system variant. We suppbaethe central agency can be both the
customer (recipient), suppliers (sender) or thadips.

3. Problem description

We assume that the transportation network congigdepots, customer sites and supplier
sites (see figure 1).

For a period, in order to satisfy customer demand, supplierstrhave a sufficient number
of empty containers at their disposal. These eropiyainers can be obtained from different
customer sites, different depots or their own sso€knce the containers are loaded they will
be sent to their destinations (customers) duriegsdime period. At customer sites the loaded
containers will be emptied and can be returnedth@edepots or supplier sites as the best
place for storage and reuse in subsequent pefib@sdifferent movements involved in this
system generate large costs. Our purpose here#itoize these costs and to propose the
best plan for transportation and storage in eacioghe

We will model the problem as a network flow (segufe 2) but first we will make some
assumptions for simplification purposes and pretentlifferent decision variables.

el | 0aded container

Suppliers .
p Empty container

Assumptions

- The system is deterministic. The different coststwing and moving the empty and
loaded containers between sites and depots arerkagwiori. Similarly, the demands
for each customer site are also knoavpriori

- There is no loss in the system

- Container transition time between different sites @epots are negligible. Container
loading and unloading times are also neglected.

- There is one type of container. All containers laoenogeneous

- Two movements of empty containers can be done éreweeh pair of sites/depots or
customers sites/ suppliers sites during the samedgeThe first takes an empty
container to be loaded and sent to customers. &bersl takes place when the
containers are emptied and it attempts to returp®nsontainers to suitable locations
for the next usage.

- There are two types of inventory in sites and depidte principal inventory, which is
the inventory before the first movement of empityaioers for loading, and the
temporary inventory, which is the inventory aftes tnovement of empty containers
for loading. Only the cost of the principal inventas considered in our model.

- The storage capacities of sites and depots aremited

- All demands are nonzero and are different

Decisions variables

Figurel: Flow of container




Let D be the number of depotd<(1, ..., D, | be the number of customers sitedl(..., ), F
be the number of Suppliers sités](,..., H andT be the number of periods in the planning
horizon ¢(=1,..., ).

We define the different decisions variables afed:

e x4 :Number of loaded containers transported from bergf to a customeir at
periodt

x ' : Number of containers needed in customeri sitgperioct

y: : Number of empty containers transported from austo to supplierf at

periodt to be loaded and sent to customers.

e yl: :Number of empty containers transported from ausio to supplierf at
period tto be returned to the suitable location.

ez :Number of empty containers transported from degotsupplierd at

periodt to be loaded and sent to customers.
e z1) :Number of empty containers transported from deidotsuppliers at

periodt to be returned to the suitable location.

e U, :Number of empty containers transported from ausio to depot at
periodt to be loaded and sent to customers

« ulj, :Number of empty containers transported from custdrtedepot d at
periodt for them to be returned to the suitable location.

« a' :the principal inventory of containers in torser site at periodt.

e al; :the temporary inventory of containers in ousér sitei at period t.
e d, :the principal inventory of containers in dembat period t.

e d1} :the temporary inventory of containers in degat periodt.

« b} :the principal inventory of containers irpplier sitef at period t.

« bl :thetemporary inventory of containers ingligr sitef at periodt.

")

t+1

a_t t E t+1

W =

'
'
The temporary Movement between
inventory sites

Figure 2 : Network flow
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The constraints of the system are essentiallyldve donservation constraints. They can be
classified into four categories:
» the first represents the conservation flow befemrding the loaded containers to
different sites and depots

ait:Z:yitf +Zuitd+a1} OtO[o,T],0i0[0,1] (1)
f d

bthZXtﬁ"'bltf_zyitf _ZZ:“ OtO[o,T],0 f O[O, F] (2)
i i d

di =37, +d1, - S u 0tO[0,T],0dO[0,D] (3)
f i

For example, constraint ( 1 ) represents the coatien flow at customer siteat period; the
principal inventorya' is equal to the sum of departures from 'sttedepotsZufd and
d

supplier sitesz y; plus the temporary inventoral, .
f

» The second category of constraints representsoiimgecvation flow after the emptying
of loaded containers and their return to differsgtgs.

g™ =x +al =D vl — D uly 0t0[o,T],0i0[0,1] 4
f d

bi™ =2 2y + >y +bl, 0tO0[0T],0 f O[0F] (5)
d i

dit =Y ut, +d1 -3 2, 0t0[0,T],0d0[0,D] (6)
i f

« The third category represents the sum of contamenrgng at a customer sitet

periodt.
3 x = 0t0[0,T],0i0[0,1] (7)
i

* The last category of constraint is the lower bamalstraint, that is the sum of arriving
containers must be greater than or equal to theddrat site.

d<x OtO[0T],0i0[01] (8)

We suppose that there is no capacity constraistanrage and transportation.
The objective function can be expressed as:

C=YClx, + Y CT (v} +yli )+ T.CT (2, +20,)+ Y. CT (Ul +ull,)
t,f,i t

t,fi f.d t,i,d
+> Cial +> Cody +> Ceb;
ti t,d t,f
whereC" C;’ , C" andC"' are the transportation costs between sites anutslapd

C;:,C;, andC; are the storage cost in each site and depot.

In the following sections, we will simplify the melj we will deal with the case with only
one customer site, one supplier site and one deég®twill show that it is possible to
determine all the decision variables with a simplaurring formula.



4. Studied case
In this case we add the following assumptions ¢oslystem (see figure 3):
* We have one customer site, one supplier site aadiepot
* We assume that the depot has the lowest costwialily the customer site and the
supplier site being the most expensiMee configuration of cost is as follow
C;t < C;t < Cst
» the initial stock of empty containers at the sugpdiite is equal to zero

bt
. el | 0aded container
Suppliers )
- p Empty container
<

u+ul’] @
> Depots

Figure 3: Decision variables

Customers

The different constraint can be simplified as falto

a =y +u+al

b'=x"+bl' —-y' -7

d'=7' -d1' -u'

a™t=x+al' -y1' —ul'

b"™ =2"' +y1' +bl'

d™=ul' +d1' -2z'

X' =

The objective function is given by

C=)Clx +) Cl(y' +yI')+ > CI(Z +Z')+ Y C'(u' +ul')+ D> Cla' + ) CJd" + ) CJ'b'
T 0 0 T T 0 T

Now we model the problem graphically as a netwe+X, U, a, b, cYor use in the different
proofs.

X: Set of nodes that represents the three siteacht period

U: Set of arcs joining nodes. These arcs can bagearcs or transportations arcs. Each arc
represent a decision variable and takes the samaéarobut in the capital form. For example,

the arc which correspond tg take the notation of".

a (u): represent the cost of an ar€lU . For examplea(Y') = C‘yr

b(u): represent the lower band of ar€lU . All arcs have a lower band equal to zero
except X 'arcs which haved' as lower bands.



{b(u) =0 Oubu /(XY {0[0T]

bu)=3" Du=(X")

c(u): represents the capacity of an arc. We supposé ieanfinite on all arcs

OulJU c(u) = o0

The different pairs of variables and arcs are shewtimthe corresponding arrow digure 4
below.

In the remainder of this work, the majority of {w@perties will be demonstrated using the
minimum cost network flow theorem. This theoremesahat a necessary and sufficient
condition for a feasible solutidrto be optimal on a netwoiR=(X, U, a, b, cjs that for each
cyclelr =" 0T " such that

y=Min{ Min__. [c(u) - f (u)]; Min___ [f(u)-b(u)] }>0

itis necessary tha)_ __.a(u)-> - a(u)=0

Période t Période (t+1 )—>:
'

(A 2ty (A1, a1y

coconcocccccccee

Figure4 : Network flow illustration

Before resolving this problem we will define sonmewninteger parameters, which will help us
later when demonstrating properties. The first patamis the principal threshol®] . This
parameter will help us to decide whether or nadnd surplus empty containers from the
customer to the depot for storage and reuse ifotleeving N periods. The second

parameter is the secondary threshbld, This parameter will show whether sending the
container from the customer to the depot for steraghout reuse is better then keeping it at
the customer site in the followild ] periods.

Definition 1. in the case when we ha&éf <C" +C", we define the principal-storing-
threshold of the customer to the depot, the intddg@r such that:

N;,l XC:t +CTr <CTr + N;,l xcjt +CTr

(NS +)xC +C:r >CuTr +(N§ +)xCg +C™

Remark 1. Figure Srepresent aillustration ofdefinition 1.Thefirst term of the first
inequality N xC3'+C" represents the cost of pafh,. = (A, AL, ATNETL Yyt i



other words this cost is the cost of storing oni¢ efircontainer duringN; periods and
transporting it from the customer to the supplidre second ternC" + N§ xCZ' +C",

corresponds to the cost of pdfj,, = (U172, D', DL,..., DN 7Ny which represents

the total cost of sending one container from thet@uer to the depot, storing it duriddf in
the depot and sending it on to the supplier.

The intention here is to note that storing contameore thanN ] at the customer site and
transporting them subsequently to suppliers camd& expensive than transporting them to
the depot, storing during more thatf, and sending them on. It is easy to remark that

- . :
one 0Ty constitutes a cycle

Période t

Période (t +N; -)————»,

Figure5: Cycle [~ , O

t,Ng t,Ng
Remark 2. It is easy to verify that for all integeirssuch that < N7,
ixCY+C" <C™ +ixC'+C" and that for ali >NJ, ixC'+C" >C" +ixCJ'+C".
This can be proved as follows:
Leti be an integer such thak N . i can be written in the form= Ng — j wheregj is an

integer. Sincg xC>' > jxC' = - jxCJ' <-jxC5' summing this with

N;,"‘><C§t+C:r <C"+NJxC5'+C™ gives(N§ - j)xCJ' +C:r <Cl +(N§-j)xC+Cl
which is exactlyi xCJ' +C" <C" +ixCJ'+C".

Now suppose that> N7 + .1i can be written in the form= NjJ +1+ j wherej > Q Since
j*xCJ' > [xCg' summing this with(Ng +1)xC' +C™" >C" +(N§ +1)xC' +C" gives
(NS +1+ j)xCt + er >C" + (N + j+1) xCJ' +C" which is exactly

ixCJ+C" >Cl" +ixCJ +CT".

Remark 3. The first inequality N3 xC3' +er <CI"+NgxC;'+C") is valid only if

C:r <C" +C". In fact, the first inequality can be written as:



Ng x(C'-CJ) <C["+C" -CT". Given thatN§ x (C;' - CJ) > Oconsequently
Cl'<C]'+C". OtherwiseC"" >CT" +C'" would giveC" +C;'>C[" +C3' +C'". In this
case it is simple to see that if we have stockeaictistomer site at the end of peridgdwill be
better to send all of it to the depot for storaged eeuse.

Definition 2. We define the secondary-storing-threshold of tietamer to the depot, the
integer M &, such that:

MixCl<C" +MxC{

(M3 +)xCI>CI +(MJ +D)xCJ
Remark 4. This definition (see figure 6) shows that for anoer of periods, i.e. greater
thanM &, storing stock at the customer site will be moreesgive than sending it to the depot

for storage without reuse. The two parametdrsand N will help us to establish the
different properties.

Période t

Période (t +m] -1)——

Mg

M3l

M-

+

Figure6: rt’Mg and rt’Mg

Property 1. For all t0[0,T] yI' =71'=0
Proof. Suppose there existstal[0,T siich thatzl' # 0, and hencéd"™" # 0. Let
I, =r Ul be acycle composed of 4 arcs (see Figure 7) thath
I—t— :( th ’ Bt+1)
' =(D",z"

Figure7: Cyde " U,
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We haveMin . [ f(u) =b(u )]becausezl' >0 andb'™ >0. In addition,

MinuDr; [c(u) - f (u)] >0 because the capacities of arcs are unlimited.efbie,

y = Min{ Min, [ f (u)=b(u)]; Min . [e(u) - f (u)] } >0 and according tthe minimum
cost network flow theorenwe must have thiumw a(u) ‘Zumr; a(u) = 0. However, in this
casezumr: a(u)=C3'+C/ <ZUDR_ a(u) =CY +C3 which is absurd, therefors' must
equal zero, i.e. foral O[O0, T 3 ' =0.

t
The same reasoning can be appliedﬂco
Suppose there existstal[0,T siich thatyl' #0, and hencéd'™ #0. Let I, =" Ul, be a

cycle composed of 4 arcs (see Figure 8) such that:
r-=(Y1,B™)
rt+ :( At+l’Yt+l)

Figure8: Cycle I," U,

We haveMin - [ f(u)—b(u )]becauseyl' >0 etb'™ >0. In addition,

Min . [c(u) - f (u)] >0 because the capacities of arcs are unlimited.€efbie,

y=Min{ Min___ [f(u)-b(u)]; Min__. [c(u)- f (u)] } >0 and according tthe minimum
cost network flow theoreme must have thazum a(u) —ZM{ a(u)= .OHowever, in this
case)  _.a(u)=CS'+Cy<> ___a(u)=Cy+C;' whichis absurd, thereforgl' =0 for all

tO[0,T].
Remark 5. Property limplies that the stock at the supplier site welinain equal to zero if
we begin with a stock equal to zera=0 .

Property 2. For tO[0,T],if ul' 20 thenO kO[LNZ], 2™ =0
Proof. Suppose there exists&1[0,T s(ch thatul # 0.

Let I, be acycle witht [0, T JandkO[L Ng ] (see figure 9). Suppose that

Mo =T 0T, wherel = (A™,, A", Y™) | is the path composed of the storage arcs

betweert+1 andt+k and the transportation arc between the custontettee supplier.
M =(U1,D™,.. D", Z")is the path composed of the transportation arc fiteercustomer

to the depot at periag the storage arcs at depot betweehandt+k and the transportation
arc from the depot to the supplier at pertiokl .

11



Période t

Période (t+1)——»

Période (t +ky———»

Figure9: Cycle I, O T,

Suppose there existszt* # which is the first non-zero occurrence, that ik i 1then for
all i [k —1] we havez™ = 0For, the case wheer1, 2 is the first and only non-zero
occurrence. Therefore, al™™ andd1™! will be non-zero foi O[Lk For all k and

jO[Lk -1] for k>1 because there are no units leaving the depot,saiccerding tqroperty
1, ZI' =0 and y1' = (or all t.

Consequently, all arcs of paffj, = (U1,D™,...,.D",Z") will have non-zero values, and
thus Minumr{k[ f(u) —b(u)] > Oand sinceMinuDer[c(u) - f(u)]> @ follows that:

y = Min{ Min,,,._ [ (U) =b(u)]; Min,,.. [c(u) - f (u)] }>0. We Know that that
> a(u)=kxC +C!"and Y. a(u)=CT" +kxC' +C" this implies that

¥ -
uory K utry

Y. a(u-)., . a(u)<Owhich is absurd because accordinglédinition 1for all k< N,

kxCJ'+C'< C" +kxCj' +C". Thereforez"™ # 0 for all kKO[LNg].

Property 3. If the initial stock at the supplier site is equalzero, then for alt (1[0, T]
b'=hbl'=0

Proof. We have thab’ = ecause we began with zero stock at the supjtéeasd that
yl' =Z' =0 [Ot, therefore, there is no entry at the supplieraite0. Assume that there

exists at [, T Jsuch thatb' # Owhich is the first non-zero occurrence, i.e. thoatéil
i0[0,t-1] b' =0. According toproperty 1,yl"™ = Z1'* =0 and thereforebl™ # 0Given
that 0™ # Oandb™ = Q it follows that(y'™",z'™) # (00)

1% case: if 20

Let I, =T, Ul (see figure 10) be a cycle such that:

r,. =" BB

My = (AL ALY

12



Figure10: Cycle '), UT
The pathl’;, =(Y'™,B1"™", B') does not contain an arc of zero value, givenyha# 0 and

b1 #0. ConsequentlyMin__ [ f (u) =b(u)] > &nd given thaMin_. [c(u) - f(u)]> @

follows that

y=Min{ Min__[f(u)-b(u)]; Min__. [c(u) - f(u)] }>0.

Since Zum a(u) =C'+Cy <Zumry_‘t a(u) =Cy +CJ* (given thaC;' >C') =

D au)->.  a(u)<Othis is absurd, thereforig’ can never non-zero. Consequently,
given thatyl'™ = Z1"™* = 0it also follows thatol ™ = 0

2" case if 271 #0:

Let [, =T, Ul (see figure 11) such that:

M= (z'*,B1',BY

F;t =(D1%, D', ZY

Given thatz™ # 0, b1"™ # Oand b' # 0, it follows thatMin_ [f (u) —b(u)] > Oon

M, =(Z2",B1™" B"). Inaddition, sincein., [c(u) = f(u)] > @ follows that

y = Min{ MinuDr;t[ f(u) —b(u)]; Minuurzt[c(u); f(u)] }>0. In this case

Zumr;t a(u)=C'+C! <Zumry_ﬂ a(u) =CY +C% (given thaC>'>C?') =

Zumr; a(u) —Zumr;‘ a(u) <0 which is also absurd, therefolbecan never be null. Therefore,
given Ythat yl' ™t = ﬁt‘l =0 it follows thatbl™ =b' = Q(b' = ' + y1'™* + b1'™).

Finally, foralltO[0,T], b' =bl' =0
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ul'

O

Figure11: Cycle I'; UT,

Property 4.Forall tO[0,T], u' =0

Proof. Assume there existstd1[0,T s{ch thatu' # OTherefore,a' # 0 Let
r.. =y Ul,, be acycle (see figure 12) such that:

M= (A,UY

rJ’t =U1", DY

(]
ul y
O
e
oD

Figure12: Cycle I, Ul

Sinceu' # Q it also follows thata' # Qand as a consequence thain__ [ f(u) —b(u)] >
In addition, sincel\/linral[c(u) - f(u)] > at follows that

y=Min{ Min___[f(u)-b(u)];Min__. [c(u)- f(u)] }>0.

However, since

ZML a(u)=C +C}' <Zum a(u)=C! +C! = Zumm a(u) - Zumru,i a(u) <Othis is in
contradiction with theninimum cost network flow theorgand therefore for ai 1[0, T ]
u' =0.

Property 5. For all tO[0,T], X' =0



Proof. Assume there existstal[0,T siich thakx' >J'. According toproperty 5 for all
td[0,T], b' =bl' = 0. Given thatd' # 0 (see assumptions above) it follows that

(¥'.2) # (00)

1% case: if y'#0

Letl,, = F;t Ur,, (see figure 13) be a cycle such that:
M= (Y', X9

= (AT)

ul

Figure13: Cycle '), UT

Given thatx' > d'it follows that Min__ [ f (u) —b(u)] > Oand sinceMin_.. [c(u) - f (u)] > @

also follows that
y = Min{ Min,- [f () ~bu)]; Min,,.. [e(u) - f ()] }>0

According to theminimum cost network flow theoreme must have that
Zlﬂm a(u) —Zumry} a(u) =0 but given thatzuur;t a(u)=0 <Zuuryj, a(u) =Cj +Cy (the cost

of arcAl' is null) there is a contradiction. Therefore,hirstcasex' = o' .

2% case if 22 20 andy' =0 (if y' #0 we return tacase )
Lety™ , i O[LT —t], orul™’, jO[0,T —t], and be the first non-zero variable. For example,

if y*' is the first non-zero variable then ait"™and ul"" (with mO[Li —1]andn O [0,i — 1])
are zero
1¥sub-caseif y*™*' the first non-zero variable:

Let I, =T, Ul (see figure 14) such that:
Mo =2 XA AT YY)
rz+,t = (Dlt ,-..,DHi ’ Zt+i)

t+i
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Période t Période (t+i)

Figure14: Cycle I, UT,

t+i

Given thaty™ is the first non-zero variable, it follows thatweent+1 andt+i no containers
depart from the customer site, i.e. all arc§ gfare nonzero. In additions' > 3" which
simply means thaMin__ [ f (u) —=b(u)] > O Therefore,

y=Min{ Min___[f(u)=b(u)]; Min__. [c(u)- f(u)] } >0 and given that

Zul]r;t a(u) =ixC'+CV <Zumr£i a(u) =C; +Cy +ixCJ +Cy (Becaus€] <C;')

this is in contradiction witlminimum cost network flow theorefhereforex' > ' is
impossible= x' =J"in this case.

2"%ub-caseif ul'*!is the first non-zero variable wiit> . On this case aly"™and ul'*", for
mO[L j]etnO[0, j —1], are zero.

Let I, =T, Ul;, (See figure 15) such that :

M. =(Z, XA AT U1

r,, =(DIL,..,D",D1")

In Vthe case where0 the tow paths are reduced to
M, =(Z",X"Ul)

s, =(D1)

16



Période t Période (t +j)

Figure15: Cycle I';, UT,
Because it is supposed thét> d' then, given that no containers depart from théorner
until t+j, there are no zero arcs on the pBfh and theX" arcs have a value greater than the
lower band &' >J"). Therefore,Min__[ f (u) —b(u)] > Oand sincéin_. [c(u) - f (u)] > Gt
follows that
y=Min{ Min___[f(u)-b(u)]; Min__. [c(u)- f(u)] }>0
Since, according tominimum cost network flow theore@ﬂ+ a(u) —Zumr_ a(u)=0isa
condition for optimality, and given that
Zul]r;t a(u) = jxC, <Zumr;| a(u)=C! +C! + jxC, +C, , this is absurd. Therefore, in this
casex =0'.
3% sub-caseif all y"andul!', iO[LT-t]andj O[O0, T —t], are equal to zero, then after
all transportation variables will be equal to zexzeptz and x, k O[t,T]. Now, suppose
that the feasible flofound in this case is optimal. LEtbe another feasible flow obtained
by transforming by subtractingd = x' - ' from I = (Z', X', A, Al',..., A", Al" )and adding
itto r =(D',DL,...,.D",D1"). This gives a gain ol x((T -t)xC_+C +C, —(T —t)xC,)
which implies thaf is not optimal. Thereforex' > J' is impossible= x' =0"'.
Property 6. If for t0[0,T], al' +J"' > MaX . e (0"*) then
t t _ +k
ul' <al' +o" ma%[mg](dt )
Proof. Assume there existstd1[0,T slch thaul' >al' +J' - maka[l‘Ng](dt+k )and let
i 0L NJ] be the index corresponding to the position of mmxn demand, in other words
MaX ., e (Gui) = G- SO, according tproperty 2 if ul' #0 thenO kO[L N2 ] 2™ =0. In
other words, in the intervft + Lt + N the system uses only the stock available at the
customer site. However, this stock is strictly loweand,,, because
at=al'+o' -ul' < maﬂD[LNg](é‘“‘) and consequently the demand-+atcannot be satisfied,

which is absurd. Thereforel' <al' +J' - ma&D[lNg](é“" )
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Property 7. Let t 0[O, T] and il [L, NZ] represent the position index of maximal demalnid: t
means thamax,., ... (0™ = o™ with i>1. If al' + o' > MaX, . e (6"**)then we have:

ul*’ =0 forall jO[Li-1], a™™ #0 forall kO[Li] andal™ #0 forall | O[1i-1]
Remark 6. If i=1 (i is at the position of maximum demand), tleéh # 0
Proof. Let t0[0,T] andill [ N;] such thamax . ., (6"*) =0" and assume

thatal +9' > maka[LNg](é‘+k ) ul' sal' + 5" —max ., (0***) which means that the
customer stock at perioa ™ =al' +J' —ul' is greater than or equal t0ax, o (™ e.
a®=al'+d' -ul' 2 ma&m[ma](d“") . Assume that there is a non-zero departufé for

j O[Li—1] which is the first non-zero occurrence, i.e. apdrturesul™™ for mO[1, j — 1]

are null. Letr =T~ 0T " be a cycle (see figure 16) such that
M =(A" AM,. U1

r=Uuzt,bp",..,D1")

Période t Période (t +1) Période (t +j)

a' a1t o al'
---------------- ol ool oo
o
u1' 1
@
dvi d1’
*@— ---------------- %» e >

Figure16: Cycle T U~

Since allul"™ are null, there are no departures from the custsites this means that stock
a'™ for I O[L j] can never decrease and will remain greater rhanm[ma] (0™ .In)

addition, for alk d[1, j ] y** can never exceerhaxku[mg,](é‘+k P a™f -y =al"* >0.
Therefore, the pathi - = (A", AI'*,...U1")  gannot contain a null arc, i.e.

Min__[ f (u) —b(u)] >0, and becausMin_.[c(u) - f (u)] > 0t follows that:

y=Min{ Min__[f(u)-b(u)]; Min__.[c(u)-f(u)] }>0

Since, Y’ .a(u)=CJ +[xCJ<)  _a(u)=jxC:+C, (becauseC; <Cy') this is
absurdand therefore there is no departudg’ for jO[Li-1], and the stocka'*™* for

kO[Li] can never decrease, i@™ > max ., s (6"" . I addition, given that

max_ ., (3"") > =y for | O[Li-1], it follows that a1 =a™' -y > Q

MOLLNG ]
Consequently, foul"™' , jO[Li-1], a™* # 0 for all KO[Li] and al"*™* # Ofor all | O[1,i —1].
Property 8. For a t 0[0,T —max(N3,M2)], if al' +o' > MaX . (0™, then
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ul' =al' +o' - maX ., s (0)
Proof. Let t [0, T —max(N3,M )] such thatal' +J' > MaX, e (0™ Jand letill [1, N2]
such that the maximum demand position be definemhmsm[mg] (") =" . Assume that

ul' <al' +0' - maﬁm[ma](d“"). In other words, for the customer stock at petief

a™t> ma&D[LNda](d“") and because there is no departure (accordipgojoerty 8

ul"! =0 for all jO[Li-1]), the stock will stay the same or increase at tistorner site

t+i

in[t+1t+i]. Therefore, we will find that at periadti, a™ > Max, ., e (0"**) and given

that y*' < 8™, it follows thatd" =a'" -y > 0. Therefore, for akO [4, ] a"* anda1™**

will be nonzero.
1¥ case: assume there existsjdll[i, N2 sjuch thaul™ # @vhich is the first non-zero

occurrence oll'™! . In other words, for alnO[i, j - 1Jul*™are null. Letr =" OT* be a
cycle (see figure 17) such that:
=A™ A, U1

r=Uuzt,bp",..,D1")

Période t Période (t +1) Période (t +j)

Figure 17 : Cycld " U~
Given that the stock at the customer site will $teysame until the periddj (the first
departure igi1™’ |, jO[i,N3]), it follows that alla™™ and al™™ for m{[i, j] are nonzero.

Thus, Min__[ f (u) —=b(u)] > Oand sinceMin_.[c(u) - f (u)] > Othis implies that

y= Min{ Min [ f(u)=b(u)]; Min__.[c(u) - f(u)] }>O. Given that:

D -a)=Cl+jxC <> a(u)=jxCI'+C] (becaus€] <C;') this is absurd.
Therefore, in this casel' <al' + 9" - maka[l’NS](cF”k i$ impossible.

2" Case: suppose that there is no peripd[i, N sugch thatl™ # 0
1%' sub-caseassume there existska> N2such thatul™ # @r y"™* # Owhich is the first non-
zero occurrence.
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1) If ul"™ # 0 is the first non-zero occurrence, then all* for I O[N2 +1,k —1] and all y*™
for mO[NF +1,k] are equal to zero. In this case,fet " 0T " be a cycle such that:
r— = (At+1,A1t+l,...,U1t+k)

r*=U1,D™,...,D1")
(the same form of cycle as figure 16)
Given that for allnO[L N ] al™ # 0 and that there are no departures between periods

t+NJ andt+k, it follows that, for allmO[N§ + 1k }] @™ andal™ are non-zero and the
path [~ =(A™, Al'™,..., U1" ) does not contain a null arc, i.ktin__[ f (u) —b(u)] > . Gince,
Min_.[c(u) - f (u)] >0, it follows that

y= Min{ Min [ f(u)=b(u)]; Min__.[c(u) - f(u)] }> 0

Given that) . a(u)=Cy +kxC{'<) _ a(u)=kxC; +CJ this is absurdTherefore, the
inequalityul' <al' + o' - MaX . (6") is impossible> ul' > al' +J' - MaX . (0').
2) If y"*is the first non-zero occurrence, then all the otii&™ and y*™ values, for
mO[N3 +1Lk -1], are equal to zero. L&t =" * be a cycle such that (see figure 18):
r~=(A" AL, Y™

r=@Uw,D™,..D",z")

Given thatal™" # Ofor nO[L N:] and that there are no departures between perdd
andt+k, it follows that stocksa"™™, for mO[N$ +1,k], andal™", for all nO[N$ + Lk - 1],
will be non-zero and consequentlin__[ f (u) —=b(u)] > . Gince,Min_, [c(u) - f (u)] >0 it
follows that y = Min{ Min [ f(u)=b(u)]; Min__.[c(u) - f(u)] }>0. Since,

D) =C +kxC +Cy <> a(u) =kxC'+Cy for k> N{ this is absurd and in

contradiction withminimum cost network flow theorem

Période t Période (t +1) Période (t +k)

Figure18: Cycle T U~

2" sub-caseAssume that alul'™* and y"* are equal to zero fot > NS. Letf be the flow
found in this case and suppose that it is optiméd the assumption that

t t to_ t+k
ul’ <al +9J - max ku[l,Ng](5 ).
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Leta=al' +0' - ma’ﬂ@[mg](dﬁk) —-ul' > 0 and letf’ be a new flow obtained frofrby

subtractinga from the path” = (A™, AI'™?,...,A" )and adding it to the path

M'=@U1,D™, D1*,...,D"). The total cost resulting frofi has a variation of

ax(C+ (T -t)CJ' = (T —t)C") which is negative given that
T-t>max(NJ,M3)=T-t>M] . According to definition 2, for all

j>M3, jxCI'>C" +jxCiand consequently:

(T-t)xCJ'>C" +(T -t)xC{' = ax((T -t)C;' —C;' —(T —t)CJ') <0. Therefore, the cost of

f is less thariand consequently ifil' < al' + ' — max J'"%) the flow cannot

o ) is

kD[l,Nj‘](
be optimal and, therefore, the inequality' < al' + ' — max o €
impossible=> ul' >al' + o' - maﬂDuNa](é”k) :
According toproperty 7ul' <al' + 9" - maX, . . (6*), and, therefore,

_ +k
ul' =al1' + o —ma>ng[lyNg](5t ).
Property 9.1f, al' +J' <max ... (0™) foratO[0, T —max(NZ,M2)], thenul' =0
Proof. Let t O[O0, T —max(N3, M 3)] such thatal' + 9" < maka[lNa](é”" Yand assume

thatul' # 0. According, toproperty 2if ul' #0 then for allk O[L,NZ ]} z** =0. Given that
al' +0' < MaX, 1 e, (0"*), the customer stock cannot satisfy the maximumashem

mMax . s (0. Consequently, there will existkad [L, N2 slich thatz™ # Qwhich is

absurd according toroperty 2.Therefore, for alk O[0, T —max(Nj, M )Jjf
al' +0' < MaX e, (") thenul' = Q

Proprerty 10. For a tO[0,T -max(N§,M)], if al' +J' smax ., . (0™*%) then

z*" =max(Q, o™ - (al' + "))

yt+1 :min(alt +, 5[+1)

Proof. Let t O[O0, T —max(N3, M 3)] such thatal' +J' < MaX, 1 ey (8" )which, according
to property 10jmplies thatul' = 0 Suppose that'"* > max{O, ot —(al' + 5‘)}. Since

ot =y + 2" it follows thatal™ = (al' +J') - y** = (al' +J') - 0" + 2" and, given
that 2'** > max{0, 3'** - (al' +&")}, it follows that

al”lz(alt +51)_51+1+Zt+1 >(a1t +5t)_51+1+5t+1_(a1t +5t)=0: altt >0

1% case : Assume there existsl™ # ,@or k> Oandt+k<T, or y*"' # 0, for | > Oand

t+1 <T and that one of the two variables are non-zeouiwences.
1*' sub-caseif ul™* #0 andt+k0O[t+1,T ]is the first to be non-zero, which implies that

there are no departures between periddandt+k (unless y'*"), then the stock at customer

site will be non-zero between these two periods.lLe T O " be a cycle such that:
r— - (A'H-l A1t+l A1t+k U1t+k)

r=@U1,p™,...,D1")

21



Given that there are no departures between periba@ndt+k (unless y'™**), and that

ul* £ 0, it follows that all arcs of path ~ = (A", AI'""?,..., A" U1** are non-

zero= Min_[ f (u) —b(u)] >0and

thusy = Min{ Min___[f (u) —b(u)]; Min__.[c(u) - f (u)] }>0.

Giventhat) .a(u)=CJ +kxC5' <>’ a(u)=kxC'+CJ,thisis absurd. Therefore, in

this case the inequalitg ™ > max(Q, 0 - (al' +d' )% impossible.
2" sub-case :if y**' #0for t+1 O[t + 2 T]is the first to be non-zero, then there are no

departures from the customer site between petiegigndt+l. Let T =" O " be a cycle
such that

r— - (Zt+l A1t+l At+| Yt+|)

r* =", D1",..,D",z")

On the pathl ™ = (2", AI"™%,...,A™ Y™™ Yhere are no zero arcs, iMin_[f(u)-b(u)]> 0
and sinceMin_.[c(u) - f (u)] >0, it follows that

y=Min{ Min__[f(u)-b(u)]; Min_.[c(u) - f (u)] }>0.

Giventhat)  _.a(u)=Cj +(I-)xC5+C; <)  _a(u)=C; +(I-1)xCJ +CJ , thisis
absurd and consequenty’* > maxQ, 0" —(al' + ' i§ also impossible in this case.

2" case: if all ul'**and y"™*are zero fort +k < T . Letf be the optimal flow found in this case

and let f=al""=al'+J' -y"™ -ul' > be an integer that is subtracted from the path
r=(A™,...,A")and added tb'=(UZ,D',...,D" ) Calling the obtained flow from this
transformation ', the cost variation from this transformation
isBx[C! +(T —-t)xC'—(T -t)xCS']. Given thatT-t>max(N:,M3)=T-t>M7 and
that, according to definition 2, (T-1)xC>Cl+(T-t)xC{ =
Bx(CJ +(T -t)xCJ' = (T —t)xCJ") < Othis implies that’ is better tharf. Therefore, taking
z'"t > max(Q, 0" - (al' + ")) cannot optimize the flow.
We have seen that in all cases the inequaligy* >maxQ, 0™ -(al'+d' =))
" < maxQ, 0" - (al' +4Y)) . In addition, 2" <max(Q, 5" —(al' + "' ))is also impossible.
We have also seen that whemax(, 0" - (al' +J')) = , @"" cannot be negative and that
when max@, 0" - (al' +d')) = 0™ - (al' +J") taking z'** less thand'™* —(al' + &' )cannot
satisfy the demand at periotl. Therefore:

2" > maxQ, 0" - (al' + "))
{z”l <max@, 0" - (al' + ")) -
And becausg™ + y'"* = 0" = y* =min(al' + ', o)
Finally we can summarise this work as follow:
For all tO[0, T —max(Nj,Mg )]
Z' =maxQ, o' - (a1 + ')
y' =min@™ + 0", d")
ul' = maxQ,al' +J' - MaX, o (8%))

" =maxQ, 0™ - (al' +J"))
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and for allt

X' =0
y:l_t:z]_t =0
u' =0

5. Interpretation and Discussion

In our case, the supplier site has the largesageocost. We have seen that storage at
the supplier site should be avoided. This is obsjau fact there is no interest in sending
empty containers for storage at the supplier sggher from the customer site nor the depot
site. Keeping empty containers and sending theneaded is better then sending them before
they are needed and suffering the additional dostdved. Concerning movement between
the customer and the depot; at the end of eachgdrere are always deliveries of loaded

containers from supplier site. After they have been emptied the customer is tbteturn
them to the best place for storage. Although thpotlbas the lowest storage cost, we have
seen that the quantity sent from the customehealepot in each period is different to the

total quantity in customer possessia@i'(+ d'). In fact, the decision of how many containers
to send from the customer site to the depot mustnly take into account the different
storage costs but also the different transportatasts. The transportation cost from the

customer to the supplie@jr the transportation cost from the customer to gygotiand the

transportation cost from the depot to the supp@é’H CZ’) must all be taken into
consideration. At the customer site, the systerddalquantity exactly equal to the maximum
demand on the horizon of the neXf periods for direct use (in the case when the entrie

(al' +9') are greater than maximum demand). This is beciiuge send a quantity to the
depot such that the remaining stock becomies max, ;s (0™ we Wwill be obliged to

reuse it in the intervalt,t + N§  &nd since xC'+C " <C" +ixCg'+C[" for all i < Ng,

this transportation will cost more than storagenifirly, if we keep a quantity more
thanmaﬂD[LNa](J”‘ ), it will not be used in the interv@l,t + N; gnd storage costs may
d

outweigh the transportation costs of sending theodepot;j xC3' + CI’ >Cl+jxC+Cl

forall j>Ng. Thus, the system sends only the surplus of coataicompared to

maX, e, (6'*) to the depot.

In order to satisfy the demand for empty contaim¢the supplier site, the system always uses
the customer inventory first and uses depot inwgrtiomake up any shortfall. This is

because if we use the depot inventory such zhatma>{0, ot —(al' + 5‘)} this entails that

y' < min{alt‘l +0, 5‘} (given thaty' +z' =2"); in other words, we will obtain a surplus at
the customer site which will create additional sost

6. Conclusion
Throughout this paper we have demonstrated thiiisrcost configuration@;' < CS' < CS')
a simple recurring formula solves the model. Thsutt can be extended to other
configurations costs such as:
« the supplier has the lowest cost followed by theodéC;' < C;' <C2').
» the customer site has the lowest cost independfotly whether the depot or the
supplier has the second lowest cost.
« the supplier site has the lowest cost, indepengémtin whether the depot or the
customer has the second lowest cost.
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The same reasoning can be applied to each of #iteis¢ions. This shows that the problem
can be divided into four categories and easily ustded.

This result is important for two reasons. Firstlysimplifies the resolution of the container
management problem. Secondly, it permits greatderstanding of system behaviour and
facilitates the interpretation of all movementsisitan help us understand other situations,
such as when there are several customer sitestsdapd supplier sites. In addition, this new
resolution method opens new horizons for the treatrof other problems related to flow
optimization, such as system container dimensioaitd)container purchasing policies. The
last two problems have been examined for certaiticodar cases. The cases have only
looked at one site systems and have neglectedffeeedt movements in the transportation
network flow (D.J. Buchanan and Abad, 1998). ibus intention in future studies to
investigate this problem from the global aspect @mthonstrate possible simplifications.
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