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Abstract

A fasciagraph consists in a sequence of copies of the same graph, each
copy being linked to the next one according to a regular scheme. More
precisely a fasciagraph is characterized by an integer n (the number of
copies or fibers) and a mixed graph M. In a rotagraph, the last copy is
also linked to the first one. In the literature, similar methods were used
to address various problems on rotagraphs and fasciagraphs. The goal of
our work is to define a class of decision problems for which this kind of
methods works. For this purpose, we introduce the notion of pseudo-d-
local g-properties of fasciagraphs and rotagraphs. For a mixed graph M
and a pseudo-d-local g-property P, we propose a generic algorithm for
rotagraphs (resp. fasciagraphs) that computes in constant time a closed
formula as a boolean function 7 (resp. ¢) on N. For alln € N 7(n) =1
(resp. ¢(n) = 1) if and only if the rotagraph (resp. fasciagraph) of length
n based on M satisfies P.

1 Introduction

In algorithmic graph theory, operational research, and combinatorial optimiza-
tion, most of the studied problems are N"P-hard problems. Nevertheless, some
of them become easier (polynomial) if their study is restricted to particular
subclasses of graphs (trees, planar graphs, graphs of bounded tree-width, etc.).
Among those classes of graphs, grids are widely studied in the literature, es-
pecially to represent interconnexion models of multiprocessors in VLSI systems
(see the survey [11]). Fasciagraphs and rotagraphs have been introduced to
model different problems of polymer chemistry (see [2], [5], [7]). These classes
of graphs generalize grids.

In the literature, several NP-Hard problems are shown to be much easier
(sub-linear) when restricted on rotagraphs and fasciagraphs, or subclasses of
them. The method shared by these papers is the following. Given a mixed
graph M, a closed formula is computed by looking for paths or circuits of given
length in an auxiliary directed graph. Then this formula enables to solve the
problem for the fasciagraph (or rotagraph) based on M of length n for any n
(see [1], [3], [4], [5], [6], [7), 8], 9], [10], [12], [13], [14]).

However in each of these papers, a proof is given to explain the validity of
this approach to address the considered problems on fasciagraphs or rotagraphs.
The goal of our work is to give a theoretical framework to characterize the
class of problems for which this method can be used. An attempt to give such
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a characterization is made in [8], but several problems are not concerned even
though the method could be used to address them. Moreover the characteriza-
tion is not correct, we give a counter-example for a part of it in the Appendix.
We address here decision problems by defining the notion of pseudo-d-local ¢-
property. In a next paper, we will provide a characterization for optimization
problems.

This paper is organized as follows: Section 2 is dedicated to the concepts and
definitions which are needed for the proper understanding of the different results.
In Section 3 we formally describe the class of problems we can deal with and in
Section 4 we explain our algorithm in the case of rotagraphs. Sections 5 and 6
follow the same pattern as Sections 3 and 4 but for problems on fasciagraphs.
Section 7 is dedicated to a summary of the key results. Finally we present in
the Appendix a counter-example to an assertion in [8].

2 Definitions about rotagraphs and fasciagraphs

We give the following definitions that we will use in the rest of the paper:

Definition 1. A mized graph M s a triple (V, E, A) in which V is a set of
vertices, FE is a set of 2-elements subsets of V and A is a subset of V. x V.
The elements of E are called edges, we denote an edge {u,v} by uwv or vu. The
elements of A are called arcs. (see Figure 1)

Definition 2. A directed graph is a mized graph G = (V, E, A) where E = ().
We denote this graph by G = (V, A).

Definition 3. An undirected graph is a mized graph G = (V, E, A) where A = ().
We denote this graph by G = (V, E).

In the following, the word ”graph” will refer to an undirected graph, unless
other specification.

Definition 4. Let G = (V, E) be a graph. A path of length k in G is a sequence
of vertices vy, ..., Vg1 such that v;vi1 € E for all i € {1,...,k}.

Definition 5. Let G = (V, A) be a directed graph. A directed path of length
kin G is a sequence of vertices vy, ...,0p41 such that (vi,vi1) € A for all
ie{l,.. k}.

Definition 6. Let G = (V, A) be a directed graph. A directed circuit of length
k in G is a sequence of vertices vi,...,v5,v1 such that (vi,vi41) € A for all
ie{l,...,k—1}, and (vg,v1) € A.

More generally, given a mixed graph M, the set of vertices of M will be
denoted by V (M), the set of edges of M will be denoted by E(M), the set of
arcs of M will be denoted by A(M).

Definition 7. Let G = (V, A) be a directed graph whose wvertices are labeled
V1,02, ..., Un. The adjacency matriz of G is the binary matriz of size |V| x |V,

denoted by Hé, or II if there is no ambiguity, and such that Hg =1 if and only
Zf (vi7vj) €A (Zvj < |V|)



Definition 8. Let G = (V, E) be an undirected graph and u be a vertex of G.
The neighborhood of u in G, denoted by Ng(u), or N'(u) if there is no ambiguity,
is the set of vertices of G linked to u by an edge: v € Ng(u) & uwv € E.

Definition 9. Let G = (V, E) be an undirected graph and u a vertex of G. The
closed neighborhood of u in G, denoted by Nglu] is equal to N (u) U{u}.

Definition 10. Let G = (V, E) be a graph and D C V. A vertex x is said to
be uniquely-dominated by D if its closed neighborhood contains a single vertex
of D.

a b
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Figure 1: Example of a mixed graph M.
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Definition 11. Given a mized graph M = (V, E, A) and an integer n > 2, the
fasciagraph 1, (M) is the undirected graph defined in the following way:

o V(vn(M)) =i, Vi where V; = {v;lv € V} fori € {1,...,n},

o E(po(M)) = Ul E; UU'Z! A where E; = {uwiluv € E} for i €
{1,...,n} and A; = {ujvj+1f(u,v) € A} forje{1,...,n—1}.

We will say that a graph F is a fasciagraph if there exists an integer n > 2
and a mized graph M such that F = 1, (M) (see Figure 2).

Remark 1. The fasciagraph 1, (M) is made up of n copies of the undirected
graph (V, E), connected according to a scheme defined by the set of arcs A. In
particular, for all i € {1,...,n}, the graph M; = (V;, E;) is isomorphic to the
graph (V, E).

Remark 2. Fasciagraphs generalize grids. Indeed, the graph associated to a grid
of size mxn is isomorphic to the fasciagraph ., (M) where M = (V, E, A) with
V={v1,...,on}, E ={vvip1li € {1,...,n—1}}, and A = {(vi, vi)|i € {1,...,n}}.

Definition 12. Given a mized graph M = (V, E, A), and an integer n > 2, the
rotagraph wy (M) is the undirected graph defined in the following way:

o Vi(wn(M)) = V(¢n(M)),



Figure 2: The fasciagraph ¥s(M) for the mixed graph M of Figure 1.

o E(wn(M)) = E(¢n(M)) U{unvi|(u,v) € A}.

We will say that a graph R is a rotagraph if there exists an integer n > 2
and a mized graph M such that R = w, (M) (see Figure 3).

Figure 3: The rotagraph ws(M) where M is the mixed graph of Figure 1.

Remark 3. In other words, given a mized graph M = (V, E, A) and an integer
n, the rotagraph w, (M) is isomorphic to the graph obtained by adding to 1, (M)
a set of edges from the last fiber to the first one according to the scheme defined
by A.

Definition 13. Given a rotagraph w, (M), or a fasciagraph ,(M), the undi-
rected graph M; = (V;, E;) for i € {1,...,n} is called the i-th fiber of this rota-
graph or fasciagraph.

3 Decision problems and ¢-properties of rota-
graphs

Definition 14. Given a graph G = (V, E), we define a g-labeling as follows:
e a g-labeling of G is a function f: VUE — {1,...,q},



e a q-labeling of the vertices of G is a function f:V — {1,...,q},
e a q-labeling of the edges of G is a function f: E — {1,...,q}.
We denote by F4(G) the set of q-labelings of G.

Definition 15. Let P be a property of graphs. We will say that P is a q-property
if there exists a property P’ on q-labelings of graphs such that, for every graph
G:

G has the property P if and only if there exists f € F4(G) such that f has
the property P’.

Then we will say that P’ is the characteristic property of labelings associated

to P.

In the rest of the paper, the ¢g-properties that we use, will be given directly
as their characteristic labeling property.

Substituting in the above definition the word ”graph” by the word "rota-
graph” (resp. "fasciagraph”), we obtain the definition of a g-property of rota-
graphs (resp. of fasciagraphs).

Definition 16. Given a g-property P, we denote by P(G) C Fy(G) the set of
q-labelings of G satisfying the characteristic property of P. In other words, G
has the q-property P if and only if there exists [ € P(G).

Examples

e The property ”to be k-colorable”: a graph G is said to be k-colorable if its
vertices can be colored using at most k colors avoiding adjacency between
vertices of the same color. We notice that this property, denoted by Cy is
a k-property. Indeed, it corresponds to a k-labeling of the vertices of G
such that no two adjacent vertices are labeled the same.

e The property "to contain a perfect dominating set”: a graph G = (V, E)
has a perfect dominating set if there exists W C V such that W is an
independent set, and every vertex out of W has exactly one neighbor in W.
We notice that this property, denoted by Ds, is a 2-property. Indeed it
is characterized by 2-labelings of the vertices of G satisfying the following
property Dj: each vertex is uniquely-dominated by the set of vertices of
label 1.

e The property ”to have a total g-coloring bounded by b” (for some integers
q and b): a fasciagraph 1, (M) has a total ¢g-coloring bounded by b if there
exists a g-labeling of the vertices and edges of 1,,(M) such that:

adjacent vertices have different labels,
— adjacent edges have different labels,
— incident vertex and edge have different labels,

— for each fiber, the sum of the labels of its vertices is less than or equal
to b.



Remark 4. The two first examples above are properties of graphs, whereas the
third one is a property of fasciagraphs since it uses the notion of fiber.

We also notice that for the two first examples, there are no constraints for
the label on the edges. For that kind of g-properties, Fo(G) could be restricted
to be the set of q-labelings of the vertices of G.

Similarly for q-properties characterized by q-labelings of edges, one could
restrict F4(G) to be the set of q-labelings of the edges of G.

All the results below are still valid with these alternative definitions of F4(G).

Definition 17 (Partial g-labeling of a fasciagraph g-labeling).

Let M = (V,E, A) be a mized graph, n > 2, k > 1 and f € Fg(¢n(M)).
We denote by f; the partial g-labeling of f which is the restriction of f on
the k consecutive fibers M;, Miy1, ..., Mivi—1, i € {1,...,n—k+1}. So fix €
Foln(M)).

Definition 18 (Partial g-labeling of a rotagraph ¢-labeling).

Let M = (V,E,A) be a mized graph, n > 2, 1 < k < n—1, and f €
Folwn(M)). We denote by fi r the partial g-labeling of f which is the restriction
of f to the k consecutive fibers from fiber M;, (i € {1,...,n}). Ifi+k—1<mn,
then the consecutive fibers will be My, ..., M;yp—1. If i +k —1 > n, then the
consecutive fibers will be My, ..., Mp, My, ..., Mi1p_1-n. So fir € Fq(ip(M)).

Definition 19. Given an integer d > 2, f € ¥ (M) and g € n (M) such
that n,n' > d and fn—d+1,a = g1.4, the result of the d-concatenation of f and
g denoted by f >q g is the g-labeling h € Fy(¥ntn—a(M)) such that hi, = f
and hpt1n/—d = gdn'—d (see Figure 4). If there is no ambiguity, we will write
> rather than >g4.

n
Figure 4: Scheme of f >4 g on two g-labelings f € ¢, (M) and g € ¢,/ (M)

In [8] Klavzar and Vesel define two notions of heredity and d-locality of
g-properties (see the Appendix). These notions exclude several classical prop-
erties such as dominating properties (perfect domination, identifying codes...).
In order to cover a wide range of problems, including in particular perfect dom-
ination, identifying codes, (2,1)-labelings, etc., we define a different notion of
locality: the pseudo-d-locality.

Definition 20 (Pseudo-d-locality for rotagraphs). For an integer d > 2, a g-
property Py of rotagraphs is said to be pseudo-d-local if there exists a q-property
Pé"c on fasciagraphs of length d such that for every mized graph M = (V, E, A),
for every integer n > d, and for every g-labeling f € Fq(wn(M)),

f€Pylwn(M)) < fia€ Péoc(wd(M)) for every i € {1,....,n}



Example Let us consider the 2-property Do of perfect domination defined in
the previous paragraph. This property is a pseudo-3-local 2-property. Indeed,
for every mixed graph M = (V, E, A) and for every 2-labeling f € Fa(ws(M)),
we define the 2-property D¢ as follows:

f € DY¢(¢p3(M)) if and only if f is a g-labeling of the vertices of 3(M)
such that Yu € V(Ms), u is uniquely-dominated by f~1(1).

In other words, a 2-labeling f of a rotagraph w, (M) (n > 4) corresponds
to a perfect dominating set if and only if the restriction of f to each set of
three consecutive fibers verifies the property Di¢. Indeed the neighborhood of
a vertex in M; is included in M;_; U M; U M;4, for i € {1,...,n} (addition
modn).

4 Resolution method for pseudo-d-local g-proper-
ties of rotagraphs

4.1 The auxiliary graph J(M, P,):

Given a mixed graph M = (V,E,A) and a pseudo-d-local g-property P, of
rotagraphs, we define the directed graph g (M, Py), that we will denote by g if
there is no ambiguity, as follows:

e the vertices of G are the ¢-labelings g of Ploc(ipa(M)).

o (u,v) € A(J) & ug,g—1 = v1,4—1 (for all vertices u and v of G not neces-
sarily distinct).

Figure 5: Example of an auxiliary graph g(M ,Dg) for the 2-property Dy of
perfect domination on a mixed graph M = (V = {z},E =0, A = {(z,x)}) for
rotagraphs.

In the rest of the paper, we will use the same letter to indicate a vertex of
G and the g-labeling that refers to it. We will then say ”the vertex z” and the
”g-labeling 7.



4.2 Circuits of the auxiliary graph

Here, we give a necessary and sufficient condition, based on the existence of
directed circuits on the auxiliary graph, for a rotagraph w,(M) to verify a
pseudo-d-local g-property P,.

Theorem 1. Let M = (V,E, A) be a mized graph, and Py be a pseudo-d-local
q-property. For alln > d, Py(wn(M)) # 0 if and only if there exists in G(M,P,)
a directed circuit of length n.

Proof. 1. Let us show first that if there exists a directed circuit in G of length
n, then P, (wn(M)) # 0. So let 5 be a circuit in G: v = uy, ..., un, u1. By
construction of G, the g-labelings w1, ..., u, belong to PLc(a(M)). Let
g = UL D1 ... g1 Un—d+2. S50 § € Fy(nt1(M)). From g we define a
g-labeling h € Fy(w,(M)) as follows:
hin-1 < gin—1 and hp_13 < gn_1,3. Since P, is a pseudo-d-local ¢-
property, then the g-labeling h belongs to Py(wn (M)).

2. Then let us show that if Py(w, (M)) # 0 then there exists a directed circuit
in G of length n. So assume there exists g € Pylwn(M)). Since P, is a
pseudo-d-local g-property, then g is such that g; 4 € Pfloc(wd(M )), and so
gi.q 1s a vertex of G for all i € {1,...,n}. Moreover (g; a, gi+1,d) € A(é) for
all i € {1,...,n} . Thus, there exists in G a directed circuit of length n:

9=291,ds--9n,d>91,d-
(I

4.3 Circuits detection

In this section, we remind a well-known boolean algebra method that allows to
establish the existence of directed circuits of given length in a directed graph G
from its adjacency matrix.

We denote by M,,({0,1}) be the set of n x n binary matrices for n € N.
Given two elements A, B in M, ({0, 1}), we define the product operation on A
and B whose result is a matrix of M, ({0,1}) denoted by A.B such that:

(AB)” = VZZI(A7k A Bkj) for 1,] € {1, ,n}
where V and A are the logical operators "or” and "and”.

Notice that the product is associative. Given a matrix A € M, ({0,1}) the
operation A.A. ... .A is denoted by A™.
—_—

n times

The following property is well known:

Property 2. Let I1 be the adjacency matriz of a directed graph G and k be any
positive integer. For each i € {1,...,n} we have:

(IT");; = 1 & there exists a directed circuit of length k from i to i in G.



The next Lemma, is also well known and used to get constant time algorithms
to address problems on fasciagraphs and rotagraphs.

Lemma 3. Let n € N and C € M, ({0,1}). There exists two integers u and P
such that, starting from C", the sequence of powers of C' is periodic of period
P:Vk > u, cF = Cu—i—((k—u) mod (P))'

Proof. There exists 2" distinct matrices in M, « ({0, 1}). For every integer k,
C* € My, %, ({0,1}), so, in the sequence C,C?, ..., C2n2+1, there exists two equal
elements.

Let CT be the first duplicated element of this sequence, that is T is such
that C* # C! for all integers k,I < T — 1, and there exists a unique integer
u < T —1 such that C* = C7.

Let P =T — u. Then the sequence of powers of C' is

c,c2,..,cv 1 [o, T, [ov, ¢, ...

where [C%, CT~1] is the sequence of the P consecutive powers of C' from u
to T'— 1. So, for every integer k > T,

Ck — Cu+((k7u) mod (P))

4.4 Presentation of the algorithm

In this section, we propose an algorithm that, given a mixed graph M = (V, E, A),
a pseudo-d-local g-property P, and an integer n, decides if w, (M) satisfies P,,.
In order to make this algorithm feasible, the following condition is essential:

Checkability condition: A pseudo-d-local ¢-property is called ” check-
able” if there exists a procedure which decides in finite time if an element f
of Fy(1ha(M)) belongs to PLe¢(y4(M)) for any fixed mixed graph M.

Remark 5. In all of our previous examples, the q-properties are checkable.

The algorithm is made of two parts: given a mixed graph M and a pseudo-
d-local g-property P,, a preprocess that is executed only once computes the
closed formula, and another part which uses the closed formula to decide, for
any given n, if w, (M) satisfies P,.

Theorem 4. Given M = (V, E, A) a mized graph and Py a checkable pseudo-d-
local q-property, Algorithm 1 gives, in an execution time independent of n, the
formula 7 that allows Algorithm 2 to decide if Py(w,(M)) # 0 for all integers
n : Pylwn(M)) # 0 if and only if T(n) = 1.



Algorithm 1: Preprocessing procedure for a pseudo-d-local g-property P,
and a mixed graph M = (V, E, A).

Data: A mixed graph M = (V, E, A), a checkable pseudo-d-local g-property Py
Result: Integers u and P of Lemma 3, and a binary vector 7 of length T" — 1 such that for

T, = 1 if and only if there exists j < |V(G)| such that
all integers i < T (mh),; =1
T; = 0 otherwise

begin

end

Computation of the auxiliary graph G = (\_/‘7 A‘)
Computation of the vertex set V:
Ve—0;
Generate all the elements of Fy(1pq(M));
forall f € Fq(¢q(M)) do
Check if f € PL°(pa(M));

if f € PL°(Ya(M)) then
L V—{fluv;

Computation of the set of arcs A and adjacency matrix II of G:
A — 0;
My, < 0 for all (u,v) € V?;
forall (u,v) € V2 do
if uz,g—1 = v1,4q—1 then

L A {(u0)}UA;
Iy «— 1

Computation of powers of II:

i 1;

T « 0;

while "= 0 do

J—1 ) )

while II* # II’ do
LJj—i+1

if j =i then

P i1 ‘
Computation of the new matrix II":
¢ — It I

else

T «— 4
U — J;
L P—T—u
Computation of 7:
7T — 0
forall i € {1,...,T — 1} do
forall j € {1,...,|V(G)|} do
L 7o — (') vV T

10



Algorithm 2: An answer to the question: Does there exist a g-labeling
f € Py(wn(M))?
Data: An integer n, the vector 7, integers u and P obtained by
Algorithm 1
Result: Yes if there exists f € Py(wn(M)), No otherwise
begin
if n < u then
| k—mn;
else
| k—u+((n—u)mod (P));
if 7, = 1 then
| Answer Yes;

else
| Answer No;

end

Proof. By Theorem 1, we know that P(w,(M)) # 0 if and only if there exists
a directed circuit of length n in the directed graph 5, or in other words, if and
only if there exists i < |V(G)| such that (II");; = 1. Thanks to Lemma 3 we
know that for n > u, there exists in G a directed circuit of length n if and only if
there exists one of length u+ ((n—wu) mod (P)). For all n < P+u, there exists a
directed circuit of length n in G if and only if Tu+((n—u) mod (P))] =1. Let
7 be the following closed formula: 7(n) =1 < T[u+ ((n —u) mod (P))] = 1.
Then 7 is such that for all n, 7(n) = 1 if and only if P(w,(M)) # 0.

The execution time of Algorithm 1 is independent of n, and depends only on
the mixed graph M = (V, E, A) and on the property P,. Since the mixed graph
and the property P, are fixed, Algorithm 1 is executed only once. Then, the
output of this algorithm (integers w and P and the vector 7) is fixed. It won’t
ever change whatever the value of n. So Algorithm 1 gives, in a constant time
(independent of n), the formula that allows Algorithm 2 to decide if P(w,,(M)) #
(0 or not.

(I

5 Decision problems and g-properties of fascia-
graphs

In this section we present, for fasciagraphs, results similar to those developed
for rotagraphs.

The notion of pseudo-d-locality for the case of g-properties of fasciagraphs
is slightly more complex than in the context of g-properties of rotagraphs since
it is necessary to deal with ”side effects”. We are redefining it as follows:

Definition 21 (Pseudo-d-locality for fasciagraphs). For an integer d > 2, a
q-property Py of fasciagraphs is said to be pseudo-d-local if there exists three
q-properties 77;, 73’(? and 773 on fasciagraphs of length d such that for every
mized graph M = (V,E, A), for every integer n > d, and for every q-labeling

11



f € Fo(hn(M)),

f1.a € Py(¢a(M))
[ E€Py(pn(M)) = < fia€ Pg(wd(M)) for every i € {2,....,n—d}
Sn—dtr1,a € P3(a(M))

Here, the g-property 733 plays the same role as the g-property Pé"c presented
in the definition of pseudo-d-locality for the case of rotagraphs, 79; and 77;;5 being
defined only to deal with side effects.

g ()1} |}

Figure 6: Representation of a pseudo-d-local g-property P,.

Example Let us consider again the 2-property D of perfect domination (see
Section 3). The 2-property Do was pseudo-3-local for rotagraphs.

D5 is also a pseudo-3-local 2-property of fasciagraphs. Indeed, for any mixed
graph M = (V, E, A) and 2-labeling f € Fa(¢p3(M)), we define Di, D2 and Dj
the following 2-properties of fasciagraphs on 3 fibers:

o f e Di(s(M)) & VYu € V(M) UV (Msz), u is uniquely-dominated by
FH),
o feD3(3(M)) & Vu € V(Ms), u is uniquely-dominated by f~1(1),

o f e Dis3(M)) & Yu € V(M) UV (Ms), uis uniquely-dominated by
1),

It is easy to see that a 2-labeling f of a fasciagraph v, (M) corresponds to
a perfect dominating set if and only if

e the restriction of f induced by the three first consecutive fibers of 1, (M)
satisfy D3,

e the restriction of f induced by three consecutive fibers of 1, (M) from
fiber 2 to n — 3 satisfy D2,

e the restriction of f induced by the three last consecutive fibers of 1, (M)
satisfy Dj.

6 Resolution method for pseudo-d-local ¢g-proper-
ties of fasciagraphs

6.1 The auxiliary graph G(M,P,):

The construction of the directed graph g (M, P,) for pseudo-d-local g-properties
of fasciagraphs is similar to the one for rotagraphs.

12



Given a mixed graph M = (V, E, A) and a pseudo-d-local ¢-property P, of
fasciagraphs, we define the directed graph G = G(M, P,), that we will denote
by G if there is no ambiguity, as follows:

o the vertices of G are the g-labelings in P} (¢a(M)), P2(a(M)) and P2 (1pg(M))
and two special vertices s and ¢:

V(G) = Py (ha(M)) U P (ha(M)) U P (tha(M)) U {s, 1}

e for any g-labelings u and v not necessarily distinct:

(0,v) € A(G) & u € Pi(a(M)), v € Pi(a(M)) and us,g-1 = vi,4-1
with i € {1,2} and j € {2,3},

(s,u) € A(G) & u € PL(vpa(M)),
(u,t) € A(G) & u € P3(¢pa(M)).

Remark 6. Notice that a same vertex can satisfy several properties among 77;,
P2 and P} (see Figure 7).

D;, D3 D;,D3,Dj

D3, D3

Figure 7: Example of the auxiliary graph g(M ,Dy) for the 2-property Dy of
perfect domination for fasciagraphs on a mixed graph M = (V = {z}, E =
0, A={(x,x)}). The properties satisfied by the labelings are indicated.

6.2 Directed paths of the auxiliary graph

Here, we give a necessary and sufficient condition, based on the existence of
directed paths on the auxiliary graph, for a fasciagraph v, (M) to verify a
pseudo-d-local g-property P,.

Theorem 5. Let M = (V,E, A) be a mized graph and Py be a pseudo-d-local
g-property. For alln > d, Py(¥n(M)) # 0 if and only if there exists in G(M, Py)
a directed path from s to t of length n —d + 2.

Proof. We show that there is a 1-to-1 correspondence between labelings in
Py(1n(M)) and some paths of G.
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1. Let us show first that if there exists a directed path v = s, uq, ..., Up—qy1,t
from s to ¢ in G of length n — d + 2, then P, (¢, (M)) # 0. By construc-
tion of g up € P1(¢d( ))y Uy ey Up—q € Pg(wd(M)), and U, _qy1 €
773(1bd( ). Let g = w1 > ... > Up_gt1. Since Py is a pseudo-d-local ¢-
property, then the ¢-labeling g belongs to P (¢, (M)).

2. Then let us show that if Py(¢,(M)) # 0 then there exists a directed
path from s to ¢ in G of length n — d + 2. So assume there is g €
Py(¢n(M)). Since Py, is a pseudo-d-local g-property, then g is such that
910 € Pi(a(M)), gia € Pz(pa(M)) for all i € {2,..,n — d}, and
In—dt1,a € Pi(vq(M)). By definition of g gi.a 1s a vertex of G for all
ie{l,..,n—d+1}, and (s,01,4) and (gn—d+1,4,t) are arcs of G. More-
over, for all i € {1, ...,n —d}, (gi,d, gi+1,d) € A(J) Thus, there exists in G
a directed path from s to ¢ of length n —d + 2.

O

6.3 Paths detection

The algorithm is based on the same method of boolean algebra used for the
g-properties of rotagraphs. Let IT be the adjacency matrix of the directed graph
G and k be any positive mteger there exists a directed path in G of length k
from i to j if and only if (ITI¥),; = 1.

In the same way as before, it only remains to notice that there exists a period
in the sequence of powers of II. Moreover we need to keep only one row vector
up to date rather than the entire matrix. Indeed, we just need to know if there
is a path in _C';from s to t:

[o1¢) N E—— c2G@) [~~~ """ ----—- c%() [~~~ ~~"""-"°-°-° = cT-1)

o o2 cu, ol c2T—u  ckT—(k=1)u oT—1

Figure 8: Visualization of the pseudo-period of powers of matrices.

Definition 22. Given an integer n, a matric C € M(n x n) and an integer
i < n, we denote by C(i) the i-th row vector of C.

Lemma 6. Let n € N, C € M,,({0,1}) and i < n. There exists two integers u
and P such that for all k > u, C*(i) = Cvt((k—u) mod (P))(;),

Proof. There exists 2™ distinct binary vectors of size n so, given an integer 1,
there exists two equal elements in the sequence C(i), C2(i), ..., C2"+1(i).

Let CT(i) the first duplicated element of this sequence, that is 7' is such
that C*(i) # C'(i) for all integers k,l < T — 1, and there exits a unique integer
u < T — 1 such that C*(i) = CT(4).

Let P = T—u. Then the sequence of i-th rows of powers of C' is C(i),C?(i),...,
Cum(@),[Cu(d), CTH(@)],[C¥ (d), CTH(d)].
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where [C%(i), CT~1(i)] is the sequence of the i-th rows of the P consecutive
powers of C' from u to T'— 1. So, for every integer k > T,

Clc (Z) _ Cqu((kfu) mod (P)) (Z)

6.4 Presentation of the algorithm

In this section, we propose an algorithm that, given a mixed graph M =
(V.E,A), a pseudo-d-local g-property P, and an integer n, decides if 1, (M)
satisfies P,. In order to make this algorithm feasible, the following condition is
required:

Checkability condition:A pseudo-d-local ¢-property of fasciagraphs, is
called ” checkable” if there exists a procedure which decides in finite time if,
a given ¢-labeling of a fasciagraph of size d satisfies ’P;, ’Pq2 or ’Pg.

The algorithm is made of two parts: a preprocessing that is executed only
once, and another part corresponding to the response algorithm using results
of the preprocess. This algorithm is similar to the one presented before for
rotagraphs.

Theorem 7. Given M = (V,E, A) a mized graph and P, a checkable pseudo-
d-local q-property, Algorithm 3 gives, in an exrecution time independent of n,
the closed formula ¢ that allows Algorithm 4 to decide if Py(tn(M)) # 0 for all
integers n : Py(n(M)) # 0 if and only if o(n) = 1.

Proof. By Theorem 5, we know that P (¢, (M)) # 0 if and only if there exists
a directed path from s to ¢ of length n — d + 2 in the directed graph é, or in
other words, if and only if TI"~%*2(s); = 1. Thanks to Lemma 6 we know that
for n > u, there exists in G a directed path from s to t of length n — d + 2 if
and only if there exists one of length u + ((n — d 4+ 2 — u) mod (P)). However
for all n —d+ 2 < P + u, there exists a directed path of length n —d+ 2 in Gif
and only if T[u+ ((n—d+2—u) mod (P))] = 1. Let ¢ be the following closed
formula: p(n) =1« T[u+ ((n —u) mod (P))] = 1. Then ¢ is such that for
all n, p(n) = 1 if and only if P (1), (M)) # 0.

The execution time of Algorithm 3 is independent of n, and depends only
on the mixed graph M = (V,E, A) and on the property P,. Since the mixed
graph and the property P, are fixed, Algorithm 3 is executed only once. Then,
results of this algorithm (integers u and P and the vector 7) are as well fixed.
They won’t ever change whatever the value of n. So algorithm 3 gives, in
a constant time (independent of n), the formula that allows Algorithm 4 to
decide if P (3, (M)) # () or not.

O
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Algorithm 3: Preprocessing procedure for a pseudo-d-local g-property P,
and a mixed graph M = (V, E, A).

Data: A mixed graph M = (V, E, A), a checkable pseudo-d-local g-property P, satisfying
the verifying condition
Result: Integers u and P of Lemma 6, and a vector 7 of size T'— 1 valued in {0, 1} such
that for all integers i < T{ g:z z (1) :)ftl?z;iw(i);ly if II%(s); = 1
begin
Computation of the auxiliary graph G = (\_/"7 A‘)
Computation of the vertices set V:
V — {s,t};
Generate all the elements of Fy(1pq(M));
forall f € Fq(¢q(M)) do
Check if f € Py(va(M)) or f € Pg(a(M)) or f € Py(pa(M));
if f€PLWa(M))V f€EPIa(M))V f € P(Pa(M)) then
L vgiov,

Computation of the set of arcs A and adjacency matrix II of G:

A — 0;

I, < 0 for all (u,v) € V2 H

forall (u,v) € V N PE(pa(M)) x V N PL(1pa(M)) for k € {1,2} and | € {2,3} do
if U2,d—1 = V1,d—1 then

L A {(wv)}UA;

Myy — 1

forall u € P, (a(M)) do

A {(s,u)}UA;
Mew < 1;

forall u € Pg(wd(Mz) do
A—{(u, )} UA;
My — 15

Computation of the vectors of the s-th row of powers of II:

i — 1;

T « 0;

while T" = 0 do

Jj—1 . )

while IT'(s) # I17 (s) do

LJj—=i+1
if j =i then

P it 1; ‘
Computation of the new vector II'(s):
I (s) «— II* "1 (s).11;

else

T «— 4

u —j;

P —T —u;
Computation of 7:
7T — 0

forall i € {1,...,7 — 1} do
L 7o =1 ()

end
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Algorithm 4: An answer to the question: Does there exist a g-labeling
J € Pq(thn(M))?
Data: An integer n, the vector 7, integers u and P obtained by
Algorithm 3
Result: Yes if there exists f € Py(¢n(M)), No otherwise
begin
if n < u then
| k—mn;
else
| k—u+((n—u)mod (P));
if 7, = 1 then
| Answer Yes;

else
| Answer No;

end

7 Conclusion

In this paper, we gave a theoretical framework that allowed us to to unify
and expand, under a generic approach, results already known concerning solv-
ing methods of several combinatorial problems for the class of rotagraphs and
fasciagraphs (see [1],[3],[8],[9],[10],[12]). In the first section, we have given all
definitions needed to the comprehension of our approach. We have introduced
pseudo-d-locality from the point of view of g-properties of rotagraphs. Then
we have shown that for all checkable pseudo-d-local g-properties, there exists a
method which, given a fixed fiber M, gives in constant time, a closed formula
allowing to decide, for every integer n, if the rotagraph w, (M) satisfies these
properties. Finally, we showed similar for the case of ¢-properties of fascia-
graphs.

In a future paper, we will adapt our method for optimization problems and
implement it to some cases with small size of fiber, as it has been done in [8],[12]
and other papers. We will furthermore propose an alternative approach using
Monadic Second Order Logic in order to propose other algorithms and give
another characterization of pseudo-d-local g-properties.

A

We present a counter-example to a part of one of the theorems presented by
Klavzar and Vesel in [8]. We begin by giving definitions of heredity and d-locality
as presented in [8] but with our vocabulary.

Definition 23. A g¢-property of rotagraphs P, is said to be hereditary if, for
every mized graph M = (V, E, A), for every integer n, and for every q-labeling
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of vertices f € Fy(wn(M))*:
f € Py(wn(M)) = fir € Pa(u(M)) Vi, k € {1,...,n}

Definition 24. Let d > 2 be an integer. A g-property Py is said to be d-local,
if for any rotagraph w,(M) and for any g-labeling f € Fy(w,(M))?,

Vi e {1, ..,n}, fia € Py(va(M)) = f € Py(wn(M))

In [8], notions of heredity and of d-locality of g-properties for the case of
g-properties of fasciagraphs are also defined.

Proposition 8. The q-properties of rotagraphs which are both hereditary and
d-local, are also pseudo-d-local q-properties of rotagraphs.

Proof. Let P, be a hereditary and d-local ¢g-property of rotagraphs. By Defini-
tion 20, P, is also pseudo-d-local with PL¢ = P,.
O

Proposition 9. The g-properties of fasciagraphs which are both hereditary and
d-local are also pseudo-d-local q-properties of fasciagraphs.

Proof. Let P, be a hereditary and d-local g-property of fasciagraphs. By Defi-
nition 20, P, is also pseudo-d-local with P} = P2 = P3 = P,.
O

The directed graph Dy(M,P,) Given P, ahereditary and d-local g-property
of rotagraphs, and w,, (M) a rotagraph (n > d+1), the directed graph Dy(M, Py)
is defined as follows: vertices are g-labelings of P(9(M)), arcs are defined
according to the value of d:

o if d =2: for every f,g € V(Da(M,Py)), (f,g9) € A(Da(M,Py)) if and
only if fo1 =911,

o if d = 3: for every f,g € V(Da(M,Py)), (f,g9) € A(Da(M,Py)) if and
only if fo1 =g1,1 and f>g € Py(vs(M))

e if d > 4, the graph has two types of arcs:

— classical arcs: for every f,g € V(D4(M,P,)), (f,g9) € A(Da(M,Py))
if and only if fo1 = g11

— d-arcs: for every f,g € V(Dqa(M,P,)), (f.g) is a d-arc if and only
if there exists a path v = f1, fa, ..., fa—1 of length d — 2 whose the
g-labeling g = f1>1 fab1,...,>1 fa—1 is such that g € Py(a(M)),

We present below, with our vocabulary, the assertion presented in [8] under
the denomination ”Theorem 17:

4In [8], g-labelings are only labeling functions of the vertices. In our approach, the defi-
nition domain of g-labelings includes vertices and edges letting thus address a wider range of
problems.

5The definition given here has been modified for convenience in comparison to that given in
[8]. Thus, our definition of d-locality ultimately corresponds to the d+ 1-locality as described
in [8].
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Assertion 10. Let P, be a hereditary and d-local q-property, and let w, (M) be
a rotagraph (n > d+1>3). The set Py(wn(M)) # 0 if and only if Dg(M,Py,)
contains vertices fi, fa, ..., fn (not necessarily distinct) such that, for all i €
{1,...,n}:

o (fi, fi+1) is an arc of Dg(M,Py,)

o ifd>4, (fi, fi+d—2) is a d-arc of Dg(M,Py,)

For d € {2,3}, the Assertion 10 is correct as proved in [8]. It can also be
easily deduced from our previous results (Propositions 8 and 9 and Theorems 1
and 5).

For d > 4 the proof of Assertion 10 is not correct. We present a counter-
example for d = 5 which can be generalized for any d > 5. For that purpose,
we define the 2-property Cents of (rota)graphs as follows:

Definition 25. Let G = (V, E) be an undirected graph. A chain in G is a path
where no vertexr appears twice.

A (rota)graph R verifies Cents if and only if there exists a 2-labeling f of R
such that for any chain v, w,z,y, 2z, we have f(v) = f(w) = f(y) = f(z) =1
and f(z) =2 (see Figure 9).

O O ® O O

Figure 9: A chain on 5 vertices satisfies Centy: the full vertex is labeled 2, empty
vertices are labeled 1

This 2-property is hereditary and 5-local. Indeed, if R satisfies Cents, then
every subgraph of R satisfies Cento, and if all 5-tuples of consecutive fibers of R
satisfy Cento then R satisfies Co since every chain on 5 vertices of R is contained
in a 5-tuple of consecutive fibers of R.

Moreover, it is easy to check that, a graph that contains a chain on 6 vertices,
can’t satisfy the property Cents.

Figure 10: A mixed graph M

For the mixed graph M = (V, E, A) of Figure 10, the rotagraph w, (M) is a
cycle of length n.

Let us build the directed graph D5 (M, Cents) (see Figure 11) :

The arc (Z,Z) (dotted in figure) is a d-arc. Indeed the 2-labeling g =
Z>1Y >y Wiy Z is such that g € Centa(v5(M)).

The function g = Z > Z > ...>1 Z satisfies both conditions of the assertion,
and yet, for every n > 6, w,, (M) does not satisfy Cents, since it contains a chain
of 6 vertices.
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Figure 11: The graph D5(M,Cents)
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