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Abstract

We consider the class of Ps-free 3-colorable graphs. We give a complete
description of the structure of the graphs in that class. We derive a linear
time algorithm that tests membership in the class. The algorithm also finds a
maximum weight stable set in linear time.
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1 Introduction

In a graph G, a stable set (also called independent set) is any subset of pairwise
non-adjacent vertices. The MAXIMUM STABLE SET PROBLEM (henceforth MSS)
is the problem of finding a stable set of maximum size. In the weighted version
of this problem, each vertex v of G has a weight f(v), and the weight of any
subset of vertices is defined as the total weight of its elements. The MAXIMUM
WEIGHTED STABLE SET PROBLEM (MWSS) is then the problem of finding a
stable set of maximum weight. MSS (and consequently MWSS) is NP-hard in
general, even under strong restrictions [4].

Given a fixed graph F, a graph G contains IF when F' is isomorphic to an
induced subgraph of G'. A graph G is said to be F-free if it does not contain F.
Let us say here that I is special if every component of F' is a tree with no vertex
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of degree at least four and with at most one vertex of degree three. Alekseev [1]
proved that MSS remains NP-complete in the class of F-free graphs whenever
Fis not special. On the other hand, for every special graph F' with at most four
vertices, MWSS can be solved in polynomial time in the class of F-free graphs
[5]. However, for most special graphs F, the complexity of MSS in the class of
F-free graphs is still unknown. The path on five vertices Ps is the smallest such
graph. There are many results on the existence of polynomial-time algorithms
for MSS in subclasses of Ps-free graphs; see for example [5, 12].

In any graph G, a k-coloring is a mapping v : V(G) — {1,...,k} such
that any two adjacent vertices u, v satisfy v(u) # v(v). A graph G is called k-
colorable if it admits a k-coloring. A graph is called bipartite if it is 2-colorable.

It is well-known that MWSS can be solved in polynomial time in the class
of bipartite graphs, for in that case the problem is equivalent to the maximum
matching problem [17]. Moreover, MWSS can be solved in linear time in the
class of 2-colorable Ps-free graphs; see Section 2 below. Generalizing this idea, it
was proved in [13] that, for fixed k&, MWSS can be solved in polynomial time in
the class of k-colorable graphs. More precisely, it was proved in [13] that if there
exists an algorithm that solves MWSS in time O(n°) in (k — 1)-colorable Ps-free
graphs, then there exists an algorithm that solves MWSS in time O(nt!) in
k-colorable Ps-free graphs (assuming that a k-coloring of the input graph is
given; but note that, for fixed k, one can find a k-coloring in polynomial time in
the class of Ps-free graphs, as proved in [9]). This shows that any improvement
of the complexity of such an algorithm in k-colorable Ps-free graphs entails the
same improvement in f-colorable Ps-free graphs for all £ > k.

Here we focus on 3-colorable Ps-free graphs. The result from [13] shows that
MWSS can be solved in time O(n?) in that class, assuming that a 3-coloring
is given. We will show that it can be solved in linear time in that class. Our
result is based on a description of the structure of 3-colorable Ps-free graphs. It
also implies that we can decide in linear time whether a given graph is in that
class.

For any integer h > 1, let ['s;41 be the graph with 3h+1 vertices g, . . ., g3z
where the neighbors of g; are g, 41, ..., giy2nt1 (With subscripts modulo 3k +1).
Now let F = {Fy,..., Fi2} be the family of twelve graphs described as follows.
Graph Fy is I'y, which is the complete graph on four vertices. Graph Fj is
the “b-wheel”, the graph with six vertices where the first five induce a cycle
of length 5 and are all adjacent to the sixth vertex. Graph F5 has vertices
Uy, ..., Us, Vo, Us, Where uq, ..., us induce a cycle of length 5 in this order, vq is
adjacent to uy, ug, us, and vs is adjacent to ug, us, uy. Graph Fjy is F5 plus the



edge vyus. Graph Fy is F3 plus the edge vouy. Graph Fg has vertices vy, ..., vr
and edges V1V2, VU3, U3V4, U4Us5, U5Vg, UgU1, U1U3, U3Us5, U5U1, U7U2, U7V4, U7Vg.
Graph F% is Fs plus the edge vsus. Graph Fg is Fy plus the edge uous. Graph
Fy is 'z, which is the complement of a cycle of length 7. Graph Fjg has ten
vertices vy, ..., vg, 2,2, y, Yy, where each v; is adjacent to v;yo, viys, viyq With
subscripts modulo 6 (so vy, ..., vs induce the complement of a cycle of length
6) and with edges xa’, xvy, 2'vy, xva, 2'va, yy', yova, y'va, yus, y'vs. Graph Fiy
is FIO- Graph F12 is F13.
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Figure 1: Graphs Fi—F5.
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Figure 2: Graphs Fg—Fio.
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Figure 3: Graphs Fi; and Fiy

Let C be the class of 3-colorable Ps-free graphs. Our main results are the
following three theorems.



Theorem 1.1. A graph is in C if and only if it does not contain Ps or any of
i, ..., Fis as an induced subgraph.

Theorem 1.2. One can decide in linear time whether a graph is in C.
Theorem 1.3. One can solve MWSYS in linear time in C.

Theorem 1.1 was proved by Bruce, Hoang and Sawada [2] under a slightly
different but equivalent form, as follows. Let F' = {I}, Iy, F3, Iy, Fio, Fi2}. (In
[2], these graphs are called K4, W5, S1, So, T and B, respectively.) Let us say
that G hosts I when F appears as a not necessarily induced subgraph of G.
With a harmless abuse, we may also say that a set X C V(G) hosts I when
G[X] hosts I

Theorem 1.4 ([2]). A Ps-free graph is in C if and only if it does not host any
member of F'.

The equivalence of Theorems 1.1 and 1.4 is clarified by the following lemma.

Lemma 1.5. If a graph G hosts one of Iy, F11, Fi2, then il contains one of
Fi, Fy, Fi1, Fio. If a graph G hosts a member of F', then it contains a Ps or
a member of F.

Proof. First we prove the first sentence of the lemma. By the hypothesis V (G)
contains, for some h € {2,3,4}, a set X = {xg,..., 235} such that each z; is
adjacent to @;4p, ..., ¥;iy2n+1 (With subscripts modulo 3h+1), and there may be
other edges in G[X], which we call optional edges. If there is no optional edge,
then G[X]induces a I';,. Now suppose, without loss of generality, that there is an
optional edge zoz; (j < h). If j =1, then {x¢, 21, 2p41, 22p41} induces a Ky (=
Fy). If j =2, then h € {3,4} and the set {zg, 21, 2, Thi1, Thi2, T2ht1, To2ht2 )
hosts a ['; (= Fy), and so, by the preceding argument, (G contains an Fy or I].
If j =3, then h = 4 and the set X \ {24, 25,212} hosts a I'1o (= Fi1), and so,
by the preceding arguments, G' contains an Fyy, Fg or Fj.

Now we prove the second sentence of the lemma. Suppose that GG hosts a
member F of F'. Then the following facts are easy to establish. If F is Fy
(= K4), then GG contains FIy. If F'is Fy, then GG contains either I or Fy. If I
is I3, then G contains one of Fy, Iy, Fs, Fy, Fs, Fr, Fg, Fy. If Fis Fg, then
(& contains one of Iy, Fy, Fg, Fg. If F is Fig, then G contains either a Ps or
some F; with 1 < ¢ < 10. Finally, if I is Fio, then, by the first sentence of the
lemma, G contains Fi, Fg, Fiq or Fis. O



In the remainder of this paper, we give a common proof for Theorems 1.3—
1.1. The proof is an algorithm that takes any arbitrary graph Gy as input and,
in linear time, returns one of the following outputs:

- The algorithm returns an induced subgraph of G that is either a P5 (so G
is not Ps-free) or a member of F (so G is not 3-colorable);

- The algorithm returns a certain structural layout of Gy, from which we can,
still in linear time, test whether Gy is 3-colorable, compute a maximum weight
stable set of G, and decide whether GG is Ps-free.

The algorithm works roughly as follows. (Technical terms will be defined
below.) First the algorithm eliminates homogeneous sets (modules) from the
graph. Then it tests whether the complement of the graph is chordal. If it is
chordal, our tasked is finished. If the complement of the graph is not chordal,
the algorithm finds a set of vertices that induce a hole in the complement, and
goes on to build the structure of the whole graph around that set. The rest of
the paper is devoted to the precise presentation of the algorithm and the proof
of its correctness.

We close this section with a few standard definitions. In a graph G, for any
vertex v of GG let N (v) denote the set of all neighbors of v, and let d(v) denote
the degree of v, that is, the cardinality of N(v). We say that a vertex v is
complete to a set X C V(G) if v is adjacent to every vertex of X. We say that
v is anticomplete to X if v has no neighbor in X. Also we say that a set X is
complete to a set Y (or that the two sets X,Y are complete to each other) if
every vertex of X is complete to Y, and that X is anticomplete to Y if there is
no edge between X and Y. We denote by K, the complete graph on n vertices,
by F, the path on n vertices, and by (', the cycle on n vertices. We let 2K
denote the graph with four vertices {a, b, ¢,d} and two edges ab and cd.

2 Bipartite Ps-free graphs

A graph G is called bipartite if its vertex-set can be partitioned into two stable
sets A, B. In that case we write G = (A, B; /). The structure of bipartite
Ps-free graphs is very useful to us. It is completely elucidated in the following
classical theorems. See in particular [15, Section 2.4] and [7] for more details.

Theorem 2.1. A connected bipartite graph G is Ps-free if and only if it is
2K 5-free.

Proof. Clearly, if G contains no 2K5 then it contains no Ps. Conversely, sup-
pose that G contains a 2K, with vertices a, b, ¢, d and edges ab, cd. Since G is



connected, there is a shortest path P from {a,b} to {¢,d} in G. Then it is a
routine matter to check that V (P)U{a, b, ¢, d} contains five vertices that induce
a FP5in G. O

The preceding theorem implies that, in a bipartite Ps-free graph G =
(A, B, E), any two vertices u, and v in A satisfy either N(u) C N(v) or
N(v) C N(u), i.e., the vertices of A can be totally ordered by neighborhood
inclusion; and the same holds for B. This implies the following theorem.

Theorem 2.2. Let GG = (A, B; F) be a connected Ps-free bipartite graph with
E #+ (. Then, for some integer h > 1, there exists a partition Ay,..., Ay of
A into h non-empty sets and a partition By,..., By of B into h non-empty
sets such that a vertexr in A; and a vertexr in B; are adjacent if and only if
1+ 7 < h+1. Consequently, G has exactly h + 1 mazimal stable sets, which are
A, B and Ay U UARUBppq—;U---UDBy, foreachi=1,...,h— 1.

From an algorithmic point of view, testing that a given connected bipartite
graph G' = (A, B; F) is Ps-free can be done as follows.

While A has a vertex a of degree |B|, then remove a from A (and
update the degree of each vertex of B). While B has a vertex b of
degree 0, then remove b from B.

If this procedure does not exhaust the sets A and B, then declare
that G is not Ps-free. (This is correct because of the following argu-
ment. Suppose that A, B are non-empty at the end of the procedure.
Pick a vertex a in A of maximum degree; then d(a) < |B|, so there is
a vertex b in B\ N(a). The procedure implies that b has a neighbor
u in A, and the choice of a implies that there is a vertex v in B
adjacent to a and not to w. Then {a,u,b,v} induces a 2K5, so, by
Theorem 2.1, G contains a Fs.)

Else declare that GG is Ps-free. This is correct by the preceding the-
orem.

Clearly, this procedure can be implemented in linear time. Moreover, computing
a maximum weight stable set can be done in linear time simply by examining
the h 4+ 1 stable sets mentioned at the end of Theorem 2.2.

In addition, we note the following easy corollary of the above theorems. Its
proof is obvious and we omit it.

Theorem 2.3. A bipartite graph is 2Ko-free if and only if it has at most one
component of size at least two and that component (if any) is Ps-free.



Consequently, testing if a bipartite graph is 2Ky-free can also be done in
linear time.

3 Data structure

Throughout the algorithm, we will have to handle the following kinds of situa-
tion in a graph . Assume that G has n vertices and m edges.

(a) Given some (pairwise disjoint) subsets Xjy,..., X, of V(G), which may
grow during the execution of the algorithm, we want to know for each vertex
z of V(G)\ (X1 U---X¢) whether z is anticomplete to X; or not, for every
i € {1,...,¢}. This information can be recorded by a counter ¢;(z) equal to
0 or 1 respectively. The vector (¢q(z),...,ce(z)) is called the type of z with
respect to the collection X7y,..., X,. Since £ will always be a constant, there is
a constant number of different types. Each vertex z of V(G)\ (XjU---U X))
is placed in a set (); associated with the type ¢ of . Whenever a vertex u of
V(G)\ (X1 U---UXy) is added to a set X;, we scan the adjacency list of u and,
for each neighbor z of u with ¢;(z) = 0, we set ¢;(z) = 1 and move z to the
set associated with its new type. This takes time O(d(u)). We can also decide
whether there exists a vertex of any given type ¢ in constant time by checking
the corresponding set );, and we can obtain all such vertices in time O(|Q]).

(b) Given a set X C V() (which will not change), we want to determine
for every vertex u of V(G) \ X whether u is complete to X, anticomplete to
X, or neither. This can be done as follows. For each vertex z in X, scan the
adjacency list of z, and for each neighbor u of # add 1 to a counter cx(u)
(initialized at value 0). When this is done for all vertices of X, compare the
final value of ¢x (u) with |X|. This takes time O(m + n) and will be executed
for only a constant number of sets X, so the total time is linear.

These remarks ensure that each main step in our algorithm has complexity
O(n 4+ m). They will not be repeated explicitly throughout the algorithm.

4 Initialization

Let Gy be any graph given as input of our algorithm. Let GGy have n vertices
and m edges. We may assume that Gy is connected, else it suflices to process
each component of Gy separately.

A homogeneous set is a set S C V(Gy) such that every vertex of V(Gy) \ S
is either complete or anticomplete to S. A module is a homogeneous set M



such that every homogeneous set S satisfies either S C M, or M C S, or
SN M = (. Note that V(Gp) and each {v} (v € V(Gy)) is a module of G.
Say that a module M is mazimal if M # V(Gp) and there is no module M’
with M C M’ C V(Gp) where the two inclusions are strict. The study of
homogeneous sets and modules in a graph is a rich one, starting with Gallai’s
pioneering work [3, 14], leading to the so-called modular decomposition of a
graph. Without going into the complex details, let us only mention the facts
that we will use here.

e Every graph G with n vertices and m edges has O(n) modules, and they
can be determined by an algorithm [20] of complexity O(n + m).

o If Gy has at least two vertices, then it has at least two maximal modules
and the maximal modules of Gy form a partition M of V(Gj).

Thus we can obtain the partition M in time O(n + m).

Lemma 4.1. If Gy has at least two vertices and any element Y of M does not
induce a bipartite graph, then Gy is not 3-colorable.

Proof. Since Gy is connected, there is a vertex u in V (Gp)\Y that is complete to
Y. If Y does not induce a bipartite subgraph, then it contains the vertex-set 7
of an odd cycle. Then ZU{u} induces a subgraph of Gy that is not 3-colorable.
Actually, either Z has length at least 7, so it contains a Ps, or Z has length 3
or 5, and then Z U {u} induces an Fy or F}. O

Our algorithm tests if all elements of M induce bipartite subgraphs. Since
they are disjoint, this takes time O(n + m). If any of them does not induce a
bipartite subgraph, the algorithm returns a Ps or a member of F as shown in
the preceding proof and stops. Now let us assume that every ¥ in M induces
a bipartite subgraph. Let G be the graph obtained from Gy by “contracting”
each element of M, that is, for each Y € M, choose one vertex y of ¥ and
remove all vertices of Y \ y. We call G the reduced graph of Gy. If an element
Y of M is not a stable set, then we choose a vertex y that has a neighbor 7§
in Y, and in G we say that y is a double vertex. Note that y and 7 have the
same neighbors in V(Go) \ Y. Whenever we handle such a vertex y below, we
will remember that it represents a bipartite subgraph of Gy with non-empty
edge-set, and in particular that it needs two colors. So G is 3-colorable if and
only if (¢ admits a 3-coloring such that (with a slight abuse of the definition)
every double vertex has two colors, which are different from the colors of its
neighbors. A vertex that is not double will be called simple.



Lemma 4.2. Graphs Go and G satisfy the following properties.

(i) Fither G is a clique or G has no homogeneous set.

(ii) Gy is Ps-free if and only if G and all subgraphs Go[Y] (Y € M) are Ps-free.
(iii) One can deduce in linear time a maximum weight stable set of Gy from any
mazimum weight stable set of G.

Proof. Fact (i) follows from modular decomposition theory and we do not repeat
its proof. See for example [3, 14, 20].

(ii) If G is Ps-free, then so is G, since G is an induced subgraph of Gj.
Conversely, suppose that G contains a Ps with vertex set X. Since Ps has no
homogeneous set, it must be that either X is included in a member Y of M,
so Go[Y] contains a Ps, or X has at most one vertex from each member of M,
and so X induces a P in G.

(iii) Let G have vertices yq,...,y,, and let Y; be the member of M that
is represented by y; for each ¢ € {1,...,p}. For each i € {1,...,p}, let S; be
a maximum weight stable set in the subgraph Go[Y;] with weight function the
restriction of f to Y;. If S is any stable set in G, then the set U(S) = ineS Si
is a stable set in Gy. Conversely every stable set in (G is included in a set of
the form inES T; where T; is a stable set in Gg[Y;]. It follows that if S is a
maximum weight stable set in G, then U(5) is a maximum weight stable set in

Go. O

5 Chordality of G

In this step, we test whether the complement G of G is chordal; and if it
is chordal, we compute w(G) and af(G). Testing if a graph is chordal can
be done in linear time as shown in [18]; in addition, when the graph is not
chordal, an induced cycle can be reconstructed in linear time as explained in
[19]. However, we do not want to look at the complementary graph of our graph
G, since its construction may take time O(n?). One can test directly whether
G is the complement of a chordal graph in time O(n+ m) as proved in [8]. The
reconstruction step is not given explicitly in [8], but it can be implemented in
linear time similarly to [19]. This procedure has the following three possible
outcomes:

(1) G is not chordal. Then the algorithm in [8] returns a subset of vertices
Z that induces a cycle in G. If |Z] = 4, then G[Z] is a 2K and our algorithm
goes to Section 6. If |Z| = 5 or 6, then G[Z] is a C5 or C¢ and our algorithm
goes to Section 7 or 8 respectively. If | 7| = 7, then our algorithm returns G[7],



which is a C'7 (a member of F), and stops. If |Z| > 8, then G[Z] contains a Ky;
our algorithm returns this K4 (a member of F) and stops.

(2) G is chordal and w(G) > 4. Then our algorithm returns the message “G
contains a K47 and stops.

(3) G is chordal and w(G) < 3. Then our algorithm returns the message
“G is Ps-free.” This is a correct answer because the complement of a chordal
graph is clearly Ps-free. There remains to know whether Gy is 3-colorable or
not. This can be done as follows. Define a new weight function by assigning
weight 2 to the double vertices of G and weight 1 to the other vertices. Then
find the maximum clique size in G with that weight function. This can be done
by the algorithm from [8]. Clearly, Gy is 3-colorable if and only if the maximum
weight clique in G has weight 3. The algorithm from [8] computes a maximum
weight clique and a minimum weight coloring of the weighted graph, that is,
a collection Sy, ..., 5 of stable sets with corresponding weights sy, ..., s; such
that every vertex z satisfies w(z) <> {s; | S; o «}. It is shown in [8] that the
complexity of this algorithm is bounded by Ule |S;|. Since our vertices have
weight 1 or 2, a simple analysis of the algorithm from [8] shows that each S;
has weight 1 or 2 and each vertex of G appears in at most two of Sy, ..., Sk. It
follows that the sum Ule |Si| is bounded by 2n, so the complexity is linear.

6 G contains a 2K

Let Hy be the graph with six vertices u,v,w, z,y,z and eight edges uv, uw,
vw, xy, vz, yz, vy, wz. Let Hy be the graph Hy plus the edge vz.
The following lemma appeared in [11, 10] under a different form.

Lemma 6.1. If G contains a 2K, then G contains either a Ps or one of Hy
or Hy.

Proof. This proof is an algorithm that finds one of the three subgraphs Ps, Hy
or Hy. Let ay, as, by, by be four vertices that induce a 2K5 in GG, with edges ajas
and byby. Let A = {ay,az} and B = {by,by}. Apply the following procedure.

While there is a vertex z in V(G) \ (AU B) that has a neighbor in
A and no neighbor in B, then add z to A.

While there is a vertex y in V(G) \ (AU B) that has a neighbor in
B and no neighbor in A, then add y to B.

Repeat these two operations as long as possible.
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Now consider the sets A and B at the end of this procedure. Since G is a reduced
graph, A is not a homogeneous set, so there exists a vertex x in V(G) \ A that
is not complete or anticomplete to A, i.e., there are two adjacent vertices a
and @’ in A such that z is adjacent to a and not to a’. Clearly, = is not in B,
because the vertices in B are anticomplete to A. Likewise, there exists a vertex
y in V(G) \ B and two adjacent vertices b,b" in B such that y is adjacent to b
and not to b, and y is not in A. If z is adjacent to exactly one of b,d’, then
{a,ad’,2,b,b'} induces a Ps. If z is not adjacent to any of b,¥’, then, by the
definition of the procedure, z has a neighbor ¢ in B (else # would have been
added to A), and there is a shortest path P in B between ¢ and {b,5'}. Then
{a,d’;2} UV (P) contains a Ps. Now assume that 2 is adjacent to both b,
Likewise, assume that y is adjacent to both a,a’. Then {a,d’, b, V', 2, y} induces

an Hy (if zy ¢ E(G)) or an H; (else). O

From an algorthmic point of view, it is easy to construct the sets A and
B starting from {ay,as} and {by, b2} and to obtain the vertices # and y, by
applying remarks (a) and (b) given in Section 3. So the total complexity of this
step is O(m + n).

If the algorithm returns an Hy, we go to Section 6.1; if it returns an Hy, we
go to Section 6.2.

6.1 G contains an H;

Let aq,...,ag be six vertices of G that induce an Hy, with edges ajasz, ajas,
! _ " o__
aga3, 405, A40g, A50g, G204, azas. Let A" = {ay, as,a3}, A" = {ayq, as, as}, and

A=AUA".

Lemma 6.2. Fither G has only siz vertices, of G contains a Ps or a member

of F.

Proof. Suppose that GG has at least seven vertices. Since G is connected, there
is a vertex w in V(G) \ A that has a neighbor in A. If u is adjacent to all vertices
of A’ or all vertices of A”, then G contains a K4. Now assume, up to symmetry,
that u has one or two neighbors in A’.

Suppose that N(u) N A" = {a1}. If u is not adjacent to a4 or as, then u-a;-
ag-a4-as is an induced Fs. So assume, up to symmetry, that u is adjacent to
a4. If v is not adjacent to ag, then ag-a4-u-ai-as is a Ps. If u is adjacent to as,

then, as mentioned above, u is not adjacent to as, and then as-ag-u-ai-as is a
Bs.

11



Suppose that N(u) N A" = {ay}. If u has no neighbor in {as,ag}, then u-
as-asz-as-ag is an induced Ps. If u is adjacent to exactly one of as or ag, then
{u,ay,ay,as,a¢} induces a Ps. If u is adjacent to both as and ag, then, as
mentioned above, u is not adjacent to as. Thus N(u)N A = {ag,as,a6}. Let
X ={2 e V(G) | N(z) N A = {ay,as,a6}}. We know that |X| > 2 since ay
and u are in X. Since (G is a reduced graph, X is not a homogeneous set, so
there are vertices v in V(G)\ X and z,y in X such that v is adjacent to z and
not to y. Clearly, v ¢ A. If v is adjacent to any a € {ay,as}, then a-v-z-ag-y
is a Ps. So let vay,vas ¢ F. If v is not adjacent to as, then v-z-as-az-a; is a
P5. So let vas € E. If v is not adjacent to ag, then v-as-y-as-ay is a Ps. So let
vag € E. If v is not adjacent to ag, then ag-as-v-as-aq is a Ps. So let vag € F.
Then {v, x, as, ag} induces a Kjy.

The proof is similar if N(u)N A" = {as}.

We may now assume that « has two neighbors in A’. By symmetry, we may
assume that u has either zero or two neighbors in A”.

Suppose that N(u) N A" = {a1,a2}. If w is adjacent to both ay and as,
then AN {u} induces an Fy. If u is adjacent to exactly one of a4 or ag, then
{u,ay,as,aq,ag} induces a Ps. So assume that u is not adjacent to any of a4
and ag. Since u has zero or two neighbors of A”, it is not adjacent to as. Then
u-ag-as-as-ag is a Ps. The proof is similar if N(u)N A" = {ay,as}.

Now we may assume that N(u)NA" = {az, a3} and, by symmetry, N (u)N A"
is either equal to {a4, as} or empty. In the first case aj-ay-u-as-ag is an induced
Ps5. In the second case, we have N (u)NA = {ag,as}. Let then X = {z € V(G) |
N(z)N A = {az,as}}. We know that |X| > 2 since a; and u are in X. Since
G is a reduced graph, X is not a homogeneous set, so there are vertices v in
V(G)\ X and z,y in X such that v is adjacent to z and not to y. Clearly, v ¢ A.
If v is adjacent to any a € {as, ag}, then a-v-2-as-y is a Ps. So let vas, vag ¢ F
and, by symmetry, vay ¢ E. If v is not adjacent to ag, then v-2-as-a4-ag is a
Ps. So let vay € E and, by symmetry, vas € E. Then {v,z, as, as} induces a
K,. This completes the proof of the lemma. O

If the algorithm has not found a FPs or a member of F, then G has only
six vertices. Clearly, GG is Ps-free. Moreover, solving the maximum weighted
stability problem is trivial. In addition, we note that every vertex of GG lies in
a triangle. So if any such vertex is a double vertex, then Gy contains a Kjy.
If G has no double vertex, then each vertex a; of GG represents a stable set Y;
(a member of M) in Gy, and, G is 3-colorable; it suffices to assign color 1 to
Y1 U Yg, color 2 to Yo U Ys, and color 3 to Y3 U Y).
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As a final note for this section, we remark that, when G contains an Hy and
does not contain a FPs or a member of F, then G does not contain an induced

Cs or Cl.

6.2 G contains an H,

Let aq,...,ag be six vertices of G that induce an Hs, with edges ajas, ajas,
203, (405, G406, 506, U304, 0304, A305.

Let us say that a graph H has an Hy-structure if its vertex-set V (H) can
be partitioned into six non-empty sets Ay, ..., Ag such that:

e Each of Ay,..., Ag is a stable set,

e As is complete to A1 U Ay U A4 U A5 and anticomplete to Ag,
e A, is complete to As U A3 U As U Ag and anticomplete to Ay,
o A; U A, is anticomplete to A5 U Ag,

e Every vertex of Ay has a neighbor in A; and every vertex of Ay has a
neighbor in Ay,

e Every vertex of Ag has a neighbor in Ag and every vertex of As has a
neighbor in Ag.

Note that the six vertices ay, ..., ag induce a graph with an Hy-structure ({a1},
..., {ag}). Our aim is to “grow” it to the largest possible structure.

Let H be an induced subgraph of G with an Ha-structure (A4,..., Ag), and
z be a vertex of V(G)\ V(H). We say that « can be added to this Hj-structure
if the subgraph induced by V(H)U{z} has an Hy-structure (Af,..., Af) where
Al = AjU{z} for some j € {1,...,6} and A} = A; for all ¢ # j.

Lemma 6.3. Let H be an induced subgraph of G with an Hy-structure (Aq,.. .,
Ag). Let x be a vertex of V(G)\V(H) that has a neighbor in A; U Ay U AsU Ag.
Then either x lies in a subgraph of G that induces a Ps or a member of F, or
x can be added to the Hy-structure (Aq, ..., Ag).

Proof. The proof is an algorithm that determines which outcome holds. Up to
symmetry, we may assume that z has a neighbor in 4; U 4,.

Case 1: x has a neighbor uq in Aj.
Let up be any neighbor of uy in A;. Such a vertex exists by the definition of an
Hy-structure.

First suppose that & has a neigbhor us in As. If z is adjacent to ug, then
{x,uy1,us, uz} induces a K4. Now let zuy ¢ E. Pick any uy4 in A4 and us in
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As. If z is adjacent to both wuy, us, then {z, us, uq, us} induces a Ky4. If 2 is not
adjacent to any of u4, us, then z-ui-us-u4-us is an induced Fs. If x is adjacent
to us and not to wuy, then {z, uy, ug, us, ug, us} induces an Fy. Therefore let us
assume that z is complete to A4 and anticomplete to As. If z has a neighbor
ug in Ag, then ug-ui-z-ug-us is a Ps, for any us in As N N(ug). Thus let us
assume that z is anticomplete to Ag. If  has a non-neighbor vz in As, then
r-u1-vs-us-ug is a Ps, for any us in As and ug in Ag N N(us). If z has any
neighbor vy in Ag, then then {x,vq, us, us} induces a K4 for any uy in A4. Now
x is complete to Az U A4, anticomplete to A3 U A5 U Ag, and z has a neighbor
in Ay, so z can be added to the Hy-structure (2 can be placed in Aj).

Now assume that z has no neighbor in As. Pick any usz in As, ugq in Ay,
us in As, and ug in Ag N N(us). Suppose that z is not adjacent to ug. If z
is not adjacent to any of us, ug, then z-ui-us-us-ug is a Ps. If x is adjacent to
exactly one of us, ug, then {x, uy, ug, us, ug} induces a Ps. So let = be adjacent
to both us, ug. If  is adjacent to ug, then {x, uy, us, ug} induces a Ky. If z is
not adjacent to w4, then {z,uy,..., ug} induces an Fy. Therefore assume that
x is adjacent to ug. Suppose that z has a neighbor ug in Ag, and pick any
us in As N N(ug). If = is not adjacent to ua, then {z,uq,..., us} induces an
Fy or 7 (depending on the existence of zus). If z is adjacent to us4 and not
to us, then {z,uy,..., ug} induces an Fy. If z is adjacent to uy and us, then
{x,uq,us, ug} induces a K4. Now assume that & has no neighbor in Ag. If 2 has
a non-neighbor w in A4U A5, then z-uj-ug-w-ug is a Ps, for any ug in AgNN (w).
So assume that z is complete to A4 U As. If 2 has a neighbor vs in As, then
{x,v3,uq4,us} induces a K4 for any uy in A4 and us in As. So assume z has
no neighbor in As. Suppose @ has a non-neighbor vy in A,. If vy is adjacent
to uy, then we can argue as at the beginning of this paragraph (with uz). So
assume that vy is not adjacent to u;. By the definition of an Hs-partition, v
has a neighbor v; in Ay, and by the same argument we may assume that a is
not adjacent to vy. Then ui-z-u4-ve-vy is a Ps. So assume that x is complete
to A;. Suppose that z has a non-neighbor wy in A;. Let wy be any neighbor of
wy in Ay. Then wi-wq-z-us-ue is a Ps, for any us in As and wug in Ag NN (us).
Now zx is complete to A; U A3 U A4 U A5 and anticomplete to Ag, so so x can
be added to the Ha-structure (z can be placed in As).

Case 2: x has a neighbor us in As.

Since we are not in case 1, and by symmetry, we may assume that z has no
neighbor in Ay U Ag. If  has a neighbor us in As, then wi-ug-z-us-ug is a Ps,
for any wy in A; N N(ug), us in As and ug in Ag N N (us). So assume that
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has no neighbor in As. If 2 has a non-neighbor us in As, then z-us-us-us-ug is
a P5. So assume that z is complete to As. If 2 has a neighbor uy in Ay, then
{x,uy, us, us} induces a K for any ug in As. So assume that 2 has no neighbor
in A4. Now z is complete to Az, anticomplete to 4; U A4 U As U Ag, and z has
a neighbor in Az, so z can be added to the Hj-structure (2 can be placed in

A1)- O

From an algorithmic point of view, it is easy to test the properties of the
preceding lemma. Initially we set A; = {a;} for each 7 € {1,...,6}. Then we
apply remarks (a) and (b) from Section 3. So the total time is O(m + n).

Now we may assume that we have an Hg-structure (Ay, ..., Ag) such that
no vertex of V(G)\ (41 U ---U Ag) has a neighbor in 4; U A3 U A5 U Ag. Let
A=A U---UAgand R=V(G)\ A.

Lemma 6.4. If G contains no Ps, then every vertex of R has a neighbor in
As U Ay, Moreover, R is a stable set.

Proof. First suppose that some vertex z in R has no neighbor in A. Since G is
connected, there is a shortest path pg--- -pg between x and A, that is, z = po,
Doy .-y Ph—1 € V(G)\ A and pr € A, with k& > 2. By the definition of R and
up to symmetry, we may assume that pp € As. Pick any us in A5 and ug in
Ag NN (us). If k> 4, then x-p1-pe-ps-pa is a Ps. If k = 3, then z-p1-pa-ps-us is
a Ps. If k=2, then z-p1-po-us-ug is a Ps.

Now suppose that R is not a stable set, and let Y be the vertex-set of a
component of G[R] of size at least two. Since G is a reduced graph, Y is not
a homogeneous set, so there are adjacent vertices y,z in Y and a vertex z in
V(G)\'Y that is adjacent to y and not to z. By the definition of R and Y, and
up to symmetry, let @ € As. Pick any us in As and ug in Ag N N(us). Then
Z-Yy-r-us-Ug is a Ps. |

Let R’ be the set of vertices of R that have a neighbor in A3 and a neighbor
in Ay. For j € {3,4}, let R; be the set of vertices of R\ R’ that have a neighbor
in AJ‘. SORIR3UR4UR/.

Lemma 6.5. (g is 3-colorable if and only if AU R’ contains no double vertex.

Proof. Suppose that AU R’ contains a double vertex z. By the definition of Aj,
..., Ag, R', it is easy to see that x has two adjacent neighbors u,v in G. Then
{2,Z,u,v} induces a K4 in Gy, so Gy is not 3-colorable.

Now suppose that A U R’ does not contain any double vertex. Assign color
1 to the vertices of Ay U A4, color 2 to the vertices of A, U As, color 3 to the
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vertices of As U Ag; if w is a double vertex in Rj, assign colors 1 and 2 to u,
and if u is a double vertex in Ry, assign colors 2 and 3 to w; finally, assign color
2 to the remaining (uncolored) vertices of R. It is easy to check that this is a
3-coloring of G and to derive from this a 3-coloring of Gy. O

Lemma 6.6. FEvery stable set of G is a subset of one of the following three sets:
VOIA1UA2UA5UA6UR, V3:A3UA6UR, V4IA4UA1UR.

Moreover, each of these three sets induces a bipartite subgraph of G.

Proof. Let S be any stable set in . Suppose that S contains a vertex of As.
Then the definition of an Hy-structure implies that S contains no vertex of
At U AU Ay U As. So S C V3. Likewise, if S contains a vertex of Ay, then
S C V4. On the other hand, if S contains no vertex of A3UA,, then S C Vy. This
proves the first sentence of the lemma. Moreover, we observe that V3 induces
a bipartite subgraph of G because Az U Ag and R are two stable sets; similarly
V4 induces a bipartite subgraph of G; and Vy induces a bipartite subgraph of G
because A; U Ag U R and A; U Ay are two stable sets. O

It follows from the preceding lemma that, in order to solve MWSS for G, it
suffices to solve it for the three bipartite subgraphs G[Vp], G[Vs], G[V4] and to
return the best solution among the three. By the results of Section 2, this can
done in linear time.

The algorithm has reached this point without finding a P5 and has success-
fully solved the maximum weighted stable set problem in linear time, but that
does not mean that the graph does not contain any Ps. We can clarify this
question by the following lemma.

Lemma 6.7. GG is Ps-free if and only if each of the four subgraphs G[A; U As],
G[As U Ag], G[As U R], G[A4 U R] is 2K5-free.

Proof. If either G[41 U Az] or G[AsU R] contains a 2K, then, by adding to the
2K, any vertex from A4, we obtain a P5. The same holds (by adding a vertex
from As) for G[As U Ag] and G[A4 U R].

Conversely, let z(-z9-23-24-5 be a Ps in . If none of z(,...,25 is in
Az U Ay, then the Ps lies in one of the subgraphs G[A4; U As] or G[A5 U Ag],
so that subgraph is not 2Ksy-free. Now assume, up to symmetry, that one of
Z1,...,25 18 in Az. Suppose that z; € As. Then its non-neighbors x4, x5 are in
AsUAgU R, and, since they are adjacent, we have either z4 € A3 and x5 € R or
x5 € R and x4 € As. In either case, since z9 is adjacent to z; and not to x4 or
x5, it must be in R, and so G[A3U R] contains a 2K; with vertices xy, 29, 24, xs.
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The same argument holds if x5 € As. Finally suppose that z3 € As. Then it is
a routine matter to check that either x5, 24 € R and z1, x5 € A3 or x4, 24 € As
and zy, 25 € Ag, and so G[A3 U R] or G[As U Ag] contains a 2K, with vertices
T1,%2,%4,Ts5. O

It follows from the preceding lemma that, in order to verify that G is Ps-free,
it suffices to verify that each of the above four bipartite subgraphs is 2K-free.
By the results of Section 2, this can done in linear time. Thus Lemmas 6.5-6.7
prove Theorems 1.3-1.1 is case G contains an Hj.

As a final note for this section, we remark that, when G contains an H; and
does not contain a FPs or a member of F, then G does not contain an induced
Cs of Cs. (This is easy to check and we omit the details.)

7 G contains a C

In this section, we assume that G contains a C%s, output by the algorithm in
Section 5.

We note that if in this section the algorithm finds an induced 2K, then we
can go to Section 6 and start again from there. (In fact, we observed in the
preceding sections that when G contains a 2K then either it is not in C or it
contains no Cs. In other words, an alternate and valid action here is to stop
with the answer “G is not in C”; we need to apply the preceding step only to
produce explicitly a forbidden subgraph.)

Let ay, ..., as be five vertices that induce a C in GG, with edges a;a;41 (with
subscripts modulo 5). Let us “grow” this Cs to a larger structure, as follows.
Foreachi € {1,...,5},let R; = {a;}, and let R = RyU---UR5. As explained in
remark (a) in Section 3, every vertex z € V(G)\ R has a type (c1(2), ..., c5(2)),
where ¢;(z) is equal to 0 if  is anticomplete to R; and else is equal to 1. Apply
the following procedure:

While there is a vertex z in V(G) \ R that is anticomplete to
Ri_2 U Ry for some ¢ € {1,...,5} and not anticomplete to R, test
whether z is complete to R;—1 U R;41:

If « is not complete to R;—1 U R;y1, then returns the answer “G con-
tains a P57 and stop;

else, add = to R;, update the type of every neighbor of z, and con-
tinue.
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Finding such vertices and testing them can be done in time O(n+m) by remarks
(a) and (b) in Section 3. We claim that when the procedure returns the answer
“G contains a FPs”, this is a correct answer. Indeed, consider the corresponding
vertex &. There is a neighbor y of  in R, and y in R;_1 U R; U R;y1 since ¢ is
anticomplete to R;_o U R;+9. Also there is a non-neighbor z of  in R;—_1U R;41;
up to symmetry, let z € R;_y. Pick any r; in R; foreach j #:¢—1. If y € R;44,
then z-y-riyo-ri—o-zis a Ps. If y € R;, then z-y-z-r;_o-riyoisa Ps. If y € R;_q,
then either z-y-r;_o-r;yo-rixq1 Or x-r;1q1-rizo-ri—2-z is a Ps. This proves our
claim.

Now assume that the algorithm has not stopped with the answer that G
contains a Ps, and consider the fives sets Ry, ..., Rs at the end of this procedure.
By the definition of the procedure, it is easy to see that each R; is complete
to Rit1 U R;_1 and anticomplete to R;12 U R;_5. By remark (a) in Section 3,
we may assume that every vertex 2 in V(G) \ R is located in the set @, that
corresponds to the type ¢ of  with respect to the collection Ry,..., Rs. Let
W be the set of vertices of V(G) \ R that have a neighbor in R. For each
t=1,...,5, define the following sets:

o Let W;be the set of all z in W such that z is anticomplete to R; and has
a neighbor in each R; with j # ;

e Let T;be the set of all z in W such that « is anticomplete to R;—q U R;11
and has a neighbor in each R; with 7 # i+ 1.

o Z=V(G)\ (RUW).

In other words, 7 is the set of vertices of type (0,0,0,0,0), Wy is the set
of vertices whose type is (0,1,1,1,1), T} is the set of vertices whose type is
(1,0,1,1,0), and W;,T; are defined similarly when j € {2,...,5}. We say that
(Ri,...,Rs, We, ..., W5, T1,...,T5,7) is a Cs-structure of .

Lemma 7.1. Fither W =W U---UWsUT | U---UTs, or G contains a P5 or
a member of F.

Proof. Consider any w in W. If w is anticomplete to at least three of the sets
Ry, ..., Rs, then it is anticomplete to ;U R;4; for some j. In that case w has
been examined during the above procedure, and either the procedure has found
a Ps and stopped, or it has placed w in one of the R;’s; in either case there is a
contradiction. So w is anticomplete to at most two of Ry,..., Rs; and, by the
same argument, if it is anticomplete to two sets Ry, R; then j # h £ 1. Thus if
w is anticomplete to two of Ry,..., Rs, then w is in T; for some ¢, and if w is
anticomplete to only one of Ry,..., Rs, then w is in W; for some ¢. Finally, if
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w is not anticomplete to any of Ry, ..., Rs, then there is a neighbor u; of w in
R; for every 7 in {1,...,5}, and then {w, uy,...,us} induces an F5. O

Lemma 7.2. We may assume that each of Ri, Ry, Rs, Ry, Rs, 7 is a stable sel.

Proof. Suppose up to symmetry that either Ry or Z contains two adjacent
vertices u,v. Then {u,v,rs, rq} induces a 2K, for any r3 in R3 and r4 in R4. In
that case, as mentioned at the beginning of this section, the algorithm returns
the answer “( is not in class C” and it is a correct answer. O

For any two disjoint sets K and L, let:

K¥ denote the set {z € K | = has a neighbor in L},

K~ denote the set {z € K | 2 has a non-neighbor in L},

K denote the set {z € K | * has no neighbor in L}.
(So K% = K\K'.) We will be interested in such sets for some pairs K, L among
Ry,...,Rs,Ty,....T5, Wy, ...,Ws5, Z. So their total number is a constant. By
Remarks (a) and (b) of Section 3, all such sets can be computed in linear time.
Let us know analyze the adjacency relation between the sets of the Cs-partition.

Lemma 7.3. Either the following properties hold for each iin {1,...,5}, or G
contains a Ps or a member of F.

(1) T; is complete to R; and to T;_1 U Ty,

(2) T; is a stable set.

(3) Fuvery vertex of T; is complete to R;_3 or to R;.

(4) TZZ is complete to R;—_o U R;yo.

(5) Wi is complete to R;_q1 U R;11 UT; UT;_o UTipo UW;_y UW, 41 and anti-
complete to T;_1 U T;41.

(6) W, is a stable set.

(7) IfW; # 0, then W;_y U W44 is empty, TZ is empty, and there is no edge
between T;_1 and T;1q.

(8) Some vertex of R;ys is complete to W; UT;11, and some vertex of R;_5 is
complete to W; UT;_q.

(9) T;_?“rl is complete to T;If"_l.

0T 42

(10) If T; # 0, then every vertex of R; is complete to T;yo or to %

1+3°
. en every vertex of R; is complete to T;_5 or to T, 1.
T 20, th y vertex of R plete to T, to TL:

T,

(11) Every vertex of Z is either complete or anticomplete to T,_"*' UT, ;'

Proof. For each item of the lemma, the proof is an algorithm that either finds
an induced Ps or a member of F or establishes the property. Throughout this
proof, let r; be an arbitrary vertex of R; for each j in {1,...,5}.
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(1) Up to symmetry, consider any vertex ¢; in 77. By the definition of 71,
we know that ¢; has no neighbor in Ry U Rs and has neighbors usin R3 and
uqin Ry. Suppose that ¢; has a non-neighbor uy in Ry. Then ty-ug-rs-ui-ro is
a P5. Now we may assume that 7; is complete to R; for each j in {1,...,5}.
Suppose, up to symmetry, that ¢; has a non-neighbor f;in T3. Vertex t, has a
neighbor vs in Rs. Then, us-t1-r1-vs-t is a Ps.

(2) Up to symmetry, suppose that T} contains two adjacent vertices u and v.
By (1), u and v are adjacent to ri. By the definition of T, u has neighbors us
in R3 and w4 in Ry4. Likewise, v has neighbors v3 in Rs and vy in Ry. If ug = v3
and uq = vy, then {u,v,us, us} induces a K4. Now suppose, up to symmetry,
that uz # vz and, by the same argument, that u is not adjacent to vz and v is
not adjacent to us. If uy = vy, then {u,v,ry, ro, us, vs, ug} induces an Fg. So
suppose that uy # v4 and, by the same argument, that u is not adjacent to vy
and v is not adjacent to uy. Then u-ri-ro-vs-v4 is a Ps.

(3) Suppose that a vertex ¢; in 77 has non-neighbors us in R3 and uy in Ry.
We know that ¢; has a neighbor u; in Ry and a non-neighbor us in R. Then
tl—ul—UQ—U4—U4 is a P5.

(4) Let t; € T} have a neighbor z in Z. Suppose that ¢; has a non-neighbor
xin R3U Ry, say ¢ € Ry. We know that ¢; has a neighbor u4 in R4 and 2z has
a neighbor us in Rs. Then z-ti-ug-us-z is a Ps.

(5) Up to symmetry, consider any vertex wy in Wi. We know that w; has
no neighbor in Ry and has neighbors v3 in R3 and vy in Ry4. First suppose that
w has a non-neighbor z in Rs U R, UT, UT,U T35 U Wy U Ws.

Suppose that € Ry. We know that wy has a neighbor « in Ry. Then z-rq-u-
wi-uq is a Ps. The same holds if x € R5. Therefore we may assume that wy is
complete to Ry and to Rs, and that W; is complete to R;_; U R;1; for each j
in {1,...,5}.

Suppose that =z € Ty. If 2 is not adjacent to wvs, then z-ri-rs-wi-vs is
a Ps. So suppose that z is adjacent to vz and, similarly, to vs. Then
{wy,x,r1, 79, 03,04, r5} induces an Fg.

Suppose that @ € T3 U W5, Vertex & has a neighbor uy in R; and no neighbor
in Ry. If # is not adjacent to vy, then x-uqi-ro-wi-vy4 is a Ps. If o is adjacent to
vg, then z € W5, and so x is complete to Ry U Rs and has a neighbor vs in Rs.
Then {wy, z,ry, re, vs, vg, us} induces an Fg. The same holds if @ € Ty U W.
Now suppose that w; has a neighbor t3in T5. Vertex ¢, has a neighbor us in Rs.
If t5 is adjacent to vy, then {wy,ty, vy, us} induces a Ky4. If t5 is not adjacent to
vy, then {wy,ty, o, v3, Vg, us} induces an Fy. The same holds for T5.

(6) Suppose, up to symmetry, that W; contains two adjacent vertices u,v.

20



By (5), v and v are adjacent to ry and r5 and not to r;. By the definition of
Wi, u has neighbors us in R3 and w4 in R4, and v has neighbors vs in B3 and
vy in Ry. If v is adjacent to us, then {u, v, re, us} induces a Ky. So let vus ¢ F,
and, similarly, vuy ¢ E. Then {u, v, ro, us, ug, rs} induces an Fy.

(7) Up to symmetry, let wy be a vertex in Wi. We know that wy has
neighbors vs in R3 and vy in Ry.

First suppose that there is a vertex ws in W5. Vertex ws has neighbors vg in
Rs and vy in Ry. If wy is adjacent to ws, then, by (5), {wy, ws, v4, vs} induces a
K4. If wy is not adjacent to ws, then, by (5), {w1, ws, v1,r2, vs, v, vs} induces
an F7. So W3 = (), and similarly W, = 0.

Now suppose that there is an edge t1z with ¢; € Ty and z € Z. By (3), ¢ is
complete to R3U R4. By (5), t1 is adjacent to wy. So {t1, w1, vs, va} induces a
1(4.

Now suppose that there is an edge {55 with to € T3 and t5 € T5. Vertex iy has
a neighbor us in Rs, and ¢5 has a neighbor uy in Ry. Then, by (1) and (5),
{wy,ta,t5, uz, v3,v4, us} induces an Iy, I'7 or Iy (depending on the existence of
edges tov4 and tsvs).

(8) Up to symmetry, take ¢ = 1. Let u be a vertex in R4 with the largest
number of neighbors in Wy U T3, and suppose that some vertex v in Wy U T,
is not adjacent to u. We know that v has a neighbor uy4 in R4. By the choice
of u, there is a vertex w in Wy U Ty that is adjacent to u and not to uy. Then
U-W-T9-U-Uy 18 & Ps.

% is not

(9) Up to symmetry, take i = 2. Suppose that some vertex ¢; in Tl_R
adjacent to some vertex t3 in T3_R1. By the definition of TI_R?’7 vertex t1 has
a non-neighbor z3 in Rj3, and similarly, ¢35 has a non-neighbor z; in R;. Then
t1-21-ry-23-t3 is an induced Fs.

(10) Take ¢ = 1. Suppose that there exists a vertex ¢; in TIOT3 and that some
vertex xy in Ry has a non-neighbor {3 in T5 and a non-neighbor ¢4 in Tle. By
the definitions of these sets, we know that ¢; is not adjacent to t3 and that ¢4
is not adjacent to t;. Vertex t3 is adjacent to ¢4 by (1) and to r5 by (3). Then
t1-x1-r5-t3-t4 is an induced Fs.

(11) Take ¢ = 1. Suppose that some vertex z in Z has a neighbor u and a
non-neighbor v with «, v both in T5_T2 U T2_T5. We may assume that u € T5_T2;
so u has a non-neighbor u’ in T2_T5. If zu' is not an edge, then z-u-az-bsy-u' is
an induced Ps. So let zu' € E(G). Now u,u' play symmetric roles, so we may
assume that v € T5_T2. If vu' is not an edge, then z-u'-bs-as-v is an induced Ps.
So let vu’ € E(G). Since v is in T7 72, it has a non-neighbor v’ in Ty. If 20/
is an edge, then z-v'-bs-az-v is an induced Ps. So let zv' ¢ F(G). If wv' is an
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edge, then v'-u-as-v-u' is an induced Ps. So let uv’ ¢ F(G). Then z-u-az-by-v’
is an induced Fs. O

7.1 Testing 3-colorability

Now we can test whether G is 3-colorable. For any mapping v : V(G) —
{1,2,...} and subset X C V(G), let v(X) be the set {v(z) |z € X}.

Lemma 7.4. If at least two of Ry,..., R5 contain a double vertex, or if W
contains a double vertex, then G is not 3-colorable.

Proof. First suppose, up to symmetry, that there is a double vertex w in Ry
and a double vertex v in R; with j € {2,3}. Recall that there is a vertex @ in
(o that it adajcent to u and has the same neighbors as w in V(G) \ {u}, and
similarly for v. If j = 2, then {u, %, v,?} induces a K4 in the original graph
Go. If j = 3, pick any r; in R; for each 7 € {2,4,5}. Then {u,@, v, 7,1y, 74,75}
induces an F3 in G.

Now suppose that W contains a double vertex u. By the definition of W,
there is an integer ¢ € {1,...,5} such that « has neighbors w; in R; and w;4; in
Riy1. Then {u, 7, u;, u;11} induces a K4 in the original graph Gy. O

The hypotheses of the preceding lemma are easy to test in time O(n). If any
is satisfied, the algorithm stops with the answer “G is not 3-colorable.” Let us
now assume that W and at least four of Ry,..., Rs contain no double vertex.

Lemma 7.5. If G admits a 3-coloring v, then there is an integer h in{1,...,5}
such that (up to renaming colours), v(Rpt1) = v(Rhta) = 1, v(Rpg2) = 2 and
7(Rhys) = 3.

Proof. 1f all three colors appear in some R;, then no color can appear in R;y1, a
contradiction. Therefore at most two colors appear in each R;. Suppose, up to
symmetry, that colors 1 and 2 appear in R;. Then we must have v(R3UR5) = 3,
so Y(RsU R4) C {1,2}, so y(R3) = 1 and v(R4) = 2 or vice-versa; thus the
lemma holds with 4 = 2. Now suppose that only one color appears in each R;.
Then we may assume up to symmetry that v(Ry) = 1, v(Rg) = 2, v(R3) = 3,
v(R4) =1, v(Rs5) = 2, and the lemma holds with » = 5. O

For each h in {1,...,5}, let v;, be the precoloring (partial coloring) where
color 1 is assigned to the vertices of Rpy1 U Rp44, color 2 to the vertices of
Ry, color 3 to the vertices of Rj43, and the other vertices are uncolored. The
preceding lemma shows that, in order to test whether GG is 3-colorable, it suffices

22



to test, for each h in {1,...,5}, whether v, extends to a 3-coloring of G. This
can be done easily, and in linear time, as follows.

Initially, every vertex & has a list of available colors L(z) = {1,2,3}. Every
vertex of R\ Ry receives the color assigned by 7p; in particular, if R\ Rj
contains a double vertex, then the algorithm declares that v, does not extend
to a 3-coloring (the algorithm records the uncolorable vertex, and if h < 5, the
algorithm examines «j41, else the algorithm stops with the answer “G' is not
3-colorable”). When a vertex is colored, its color is removed from the list of its
neighbors. If the list of a vertex has size one, or if the list of a double vertex
has size two, then we color that vertex with the available color(s) and update
the list of its neighbors. If the list of a vertex becomes empty, or if the list of
a double vertex has size one, then that vertex is uncolorable and the algorithm
declares that 7, does not extend to a 3-coloring (again, the algorithm records
the uncolorable vertex, and if h < 5, the algorithm examines 5,41, else the
algorithm stops with the answer “G' is not 3-colorable”). A crucial observation
is that every vertex of W has two neighbors of different colors in R\ Rj,. This
follows directly from the definition of W. This observation means that, just
after the vertices of R\ R}, are colored, every vertex of W has a list of size
at most one, and this ensures that either the algorithm stops because some
vertex in W is uncolorable or all vertices of W can be colored. Moreover, we
may assume that all vertices of W are colored before the vertices of Ry U Z are
considered. Finally, the remaining uncolored vertices are in Ry U Z, which is a
stable set, so we may examine them one by one independently of each other. If
any such vertex z is uncolorable, then the algorithm records its (and if h < 5,
the algorithm examines 4541), else the algorithm assigns to z a color from L(z)
(or two colors if z is a double vertex).

Throughout this procedure, coloring a vertex u and updating its neighbors
takes time O(d(u)), so the total running time is O(n + m).

At the end of the procedure, there are two possible outcomes:

(1) The algorithm tried each 75 and none of them extends to a 3-coloring.
The algorithm returns the correct answer “(¢ is not 3-colorable” and stops. In
Section 7.2 we show that in that case G contains a member of F.

(2) Some 7, extends to a 3-coloring. In Section 7.3 we analyse this situation in
order to find a stable set of maximum weight.
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7.2 When G 1s not 3-colorable

For two sets X,Y C V(G), let us call XY-edge any edge 2y with z € X and
yey.

Lemma 7.6. Suppose that v, does not extend to a 3-coloring of G. Then either
G contains a member of F or one of the following holds:

(i) R\ Ry contains a double vertex.

(ZZ) Wh_1 UWR U Wy 75 0.

(iii) There is a Th41Th13-edge or a Th_1T}_3-edge.

(iv) Ry, contains a vertex that has a neighbor in T1o UWyys and a neighbor in
Th_o UWy_s.

(v) A vertex of Z has a neighbor in each of Ty, Th_o, Thyz.

(vi) A double vertex of Z either has a neighbor in T}, and a neighbor in T},_3 U
Thio or has a neighbor in Ty_1 and a neighbor in Th4q.

Proof. To simplify the notation, let us put h = 5. So the vertices of Ry U Ry
have color 1, the vertices of Ry have color 2, and the vertices of Rs have color
3. Suppose that none of (i)—(iii) holds. After the algorithm has colored the
vertices of R\ Rs, the definition of the T's and W/s implies that every vertex
x in Ty satisfies L(z) = {2}, because z has a neighbor in each of Ry, Rs, Ry;
we denote this fact by L(7Ty) = {2}. Likewise, we find that L(13) = {3},
L(T5) = {2}, L(T4) = {3}, L(T5) = {1}, L(W3) = {2} and L(W3) = {3}. Note
that, since (i) does not hold and by Lemma 7.4, there is no double vertex in the
set (R\ Rs) UW. Since (ii) and (iii) do not hold, and by Lemma 7.3 (5), there
is no color conflict between the vertices of W. Thus v5 extends to a 3-coloring
of the subgraph induced by (R\ Rs) UW. So the reason for which 5 does
not extend to a coloring of (G is that there exists a vertex z in Rs U Z that is
uncolorable. This means that, after the vertices of W have been colored, we
have one of the following two cases. For each i € {1,...,5}, pick any r; in R;.

Case 1: L(z) = 0.

So x has neighbors u, v, w of color 1, 2 and 3 respectively. Since z is in Rs5U Z,
it has no neighbor in Ry U Rs3, therefore v € Ty UTs UW, and w € Ty U Ty UWs.
First let © € Rs. By the definition of the T;’s and W;’s, we have v € T3 U Wy
and w € Ty UWSs. Thus we get outcome (iv) of the lemma. Now let 2 € Z. So
uw € Ts. By Lemma 7.3 (3), u is complete to Ry U R3. According to the position
of v and w, there are nine subcases:

Case 1.1: v € Ty and w € Ty. By Lemma 7.3 (1), u is adjacent to v and w. If v
is adjacent to w, then {u, v, w, 2} induces a K4. If v is not adjacent to w, then
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{u,v,w,x,ry,r3} induces an Fy.

Case 1.2: v € Ty and w € T5. This case is similar to Case 1.1 (u,v,w are in
three consecutive T;’s).

Case 1.3: v € Ty and w € W5. By Lemma 7.3 (1), u is adjacent to v, and by (5)
w is adjacent to u and v. Then {u, v, w,z} induces a Kj.

Case 1.4: v €T3 and w € T,. This case is similar to Case 1.1.

Case 1.5: v € T5 and w € T5. Then we get outcome (v) of this lemma.

Case 1.6: v € T3 and w € W3. Then Lemma 7.3 (3) is contradicted.

Case 1.7: v € Wy and w € T,. This case is similar to Case 1.3.

Case 1.8: v € Wy and w € T;. Then Lemma 7.3 (3) is contradicted.

Case 1.9: v € Wy and w € Ws. By Lemma 7.3 (5), u,v and w are pairwise
adjacent. So {u,v,w,z} induces a Kjy.

Case 2: x is a double vertex with |L(z)| < 1.

First let € Rs. Then 2 must have a neighbor u of color 2 or 3, and we may
assume, up to symmetry, that « is in Wy UT5. So u has a neighbor u; in Rj.
Then {z, T, u,u} induces a Ky in Go. Now let 2 € Z. So « has two neighbors
u, v of different colors, and we have w,v € Ty U---UTs U Wy U W3, If u and
v are adjacent, then {z,7, u,v} induces a K. So assume that u and v are not
adjacent. By Lemma 7.3 (1) and (5), this yields the following subcases.

Case 2.1: uw € Ts and v € Ty UT5. Then we get outcome (vi) of this lemma.
Case 2.2: w € Ty and v € Ty. Then we get outcome (vi) of this lemma.

Case 2.3: w € T; and v € W; for j € {2,3}. Then Lemma 7.3 (3) is contra-
dicted. This completes the proof of Lemma 7.6. U

Lemma 7.7. If the algorithm declares that G is not 3-colorable, then G contains
a member of F.

Proof. We first observe that when the algorithm declares that G is not 3-
colorable, this is a correct answer, because of the arguments presented in Sec-
tion 7.1. Now, since G is not 3-colorable, Theorem 1.4 and Lemma 1.5 imply
that G contains a member of F. Let us now show how the algorithm can
actually find such a subgraph in linear time.

For each h in {1,...,5}, the algorithm finds that the precoloring 75 does
not extend to a 3-coloring. So each 7, satisfies one of the outcomes (i)—(vi)
of Lemma 7.6, and the algorithm finds a set Aj of vertices that cause such an
outcome. In other words and more precisely: if (i) of Lemma 7.6 holds, Ay
consists of a double vertex from R\ Rj; if (ii) holds, A, consists of a vertex
w from Wiy UWp U Wyy; if (iii) holds, Ay consists of adjacent vertices ¢, ¢
with either ¢ € Tpyy and ¢/ € Thys or t € Th_y and t/ € Tj_s-edge; if (iv)
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holds, Aj consists of three vertices z,t,t such that x € Ry, t € Thio UWpas,
t' € Thg UW)_3 and z is adjacent to ¢t and t'; if (v) holds, A, consists of a
vertex z in Z and three neighbors ¢, ¢/, ¢ of z with t € T, t' € T_o, t" € Thyo;
and if (vi) holds, Ay, consists of a double vertex z of Z and two neighbors ¢, ¢ of
z with either t € Ty, and t/ € T,_o U Tpyo or t € Ty and t' € Th14. Note that
in any case we have |A;| < 4. By Lemma 7.3 (8), for each ¢ the set R; contains
a vertex a; that is complete to 749 U Wiis and a vertex b; that is complete to
Ti—g UW,_5 (possibly a; = b;). Let H be the subgraph of G that is induced by
the subset {ay,by,...,a5,b5} UA U---UAs. Then we know that H itself is not
3-colorable, since each «;, satisfies an item of Lemma 7.6 in . So H contains
a member of F. Note that H has at most 30 vertices, so finding a member of
F in H can be done in constant time.

We now analyse this situation, which will give a direct proof (not using
Theorem 1.4) of Theorem 1.1. Throughout this proof, let r; be an arbitrary
vertex of R; for each 7 € {1,...,5}; for example r; can be a; or b;.

Case 1: R contains a double vertez.

We may assume up to symmetry that Rs contains a double vertex z and, by
Lemma 7.4, that R\ R5 does not contain a double vertex. So v5 does not satisfy
(i) of Lemma 7.6.

Suppose that v5 satisfies (ii); so there is a vertex w € Wy UWs UW;. If w is in
Wi, then {2, %, w, ry,as, bz, r4} induces an F5 in Go. If w € Wy U Wy, then it is
adjacent to 2 and it has a neighbor u in Ry U Ry, so {z, %, w,u} induces a Kjy.
Suppose that 75 satisfies (iii); so, up to symmetry, there is an edge t1t5 with
ty € Ty and t3 € T5. We know that ¢1b3, t1a4 and t3ay are edges. If ¢3 is
adjacent to x, then {#,7,ay,t3} induces a Ky. If ¢3 is not adjacent to z, then
{2,%,ay,b3,a4,t,t3} induces an Fs.

Suppose that vs satisfies (iv); so some vertex w in Rs has neighbors v in ToUWs3
and w in T35 U Wy, We know that vry, vby, wrs, way are edges and vrs, wry
are not edges. By Lemma 7.3 (5), v and w are adjacent. If v is adjacent to z,
then {,7, by, v} induces a Ky. If v is adjacent to ay, then {u, v, w,a;} induces
a K4. So assume that v is not adjacent to z or to aq, and, similarly, that w is
not adjacent to a or by. Then {z, T, u, v, w, by, ay} induces an Fs.

Suppose that 75 satisfies (v); so some vertex z in Z has a neighbor t3 in T5.
By 7.3 (3), t2 is complete to Ry U Rs. Then {,7,ts, ra} induces a K.
Suppose that 75 satisfies (vi) for some double vertex z € Z. If z has a neighbor
in 15, then we can argue as when ~; satisfies (v) above. So assume that z has
neighbors ¢; in 7y and ¢4 in Ty. By 7.3 (3), t1 is complete to Rz U Ry, and #4 is
complete to Ry U Ry. If t; and ¢4 are adjacent, then {z,Z,¢;,%4} induces a Kj.
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If ¢, and t4 are not adjacent, then {x,%, z,Z,ty, 4, 71, 72, r'3, 74} induces an Fiy.
This completes the proof of case 1.

Now suppose that some 7, satisfies (vi). So there is a double vertex z in Z
and an integer 7 in {1,...,5} such that z has a neighbor ¢; in T; and a neighbor
tive in Tijpo. If t; and t;4o are adjacent, then {z,%,t;,t;yo} induces a Ky. If
t; and t;42 are not adjacent, then, by Lemma 7.3 (3), {z,t;, rit3, Figa, tiz2}
induces a C's. We can then restart the algorithm from this Cs, and z will be a
double vertex in the new set R, so we can conclude as in Case 1. Therefore we
may assume that no v satisfies (vi).

Case 2: Two of the sets Wy, ..., Ws are not empty.

By Lemma 7.3 (7) and up to symmetry, we may assume that there exist vertices
wy in Wy and ws in W3 and that Wi U W, U W5 = (). Thus 5 does not satisfy
(ii). By the preceding points, we know that v5 does not satisfy (i) or (vi). By
Lemma 7.3 (7), there is no edge between T} and T3, or between T3 and T}, or
between T3, UT5 and Z, so v5 does not satisfy (iii) or (v). Hence s satisfies (iv),
that is, some vertex a in Rs has a neighbor u in W5 U T3 and a neighbor v in
W3 UT;. (Possibly u = wy or v = ws.) By Lemma 7.3 (1) and (5), each of u, w;
is adjacent to each of v, ws. If v € Wy and v € W3, then {ay,a,u,v} induces a
K4. Therefore assume, up to symmetry, that u € T5; so u # w,. We know that
Waly, wsby, wabs, ubs, wsas, vas and wa; are edges. We may assume that bs is
not adjacent to ws (else take bs, wq, w3 instead of a, u, v) and similarly a5 is not
adjacent to wy. So by # as.

Suppose that v € Ws. If a is adjacent to wy, then {a, v, ws, as} induces a Kjy.
So let awy ¢ E. Then a # bs and, by the same argument, v is not adjacent to
bs. If vay is an edge, then {v,ay,a,u} induces a Ky; else {a,u, v, ay, we, aq, bs}
induces an f7.

Now suppose that v € Ty; so v # w3 and the symmetry between w and v
is restored. Then a is not adjacent to w;y (else take v = wz), and simi-
larly @ is not adjacent to ws. If u is adjacent to b; and v is adjacent to ay4,
then {a,u,v,ws, w3, by,aqs} induces an Fy (= C7). So suppose, up to sym-
metry, that ub; ¢ F and, by the same argument, that wsa; ¢ F. Then
{u,ay, by, we, w3, bs, as} induces an Fy.

Case 3: Ezactly one of Wy, ..., Ws is not emply.

Up to symmetry, assume that Wy is not empty and Wy U W5 U W, U W5 = 0.
Thus 73 and 4 do not satisfy (ii). By the preceding points, 73 and 4 do not
satisfy (i) or (vi). By Lemma 7.3 (7), there is no edge between Tj and Z, so
vs and 4 does not satisfy (v). Hence v3 and 4 satisfy (iii) or (iv). Note also
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that, by Lemma 7.3 (7), there is no edge between 7% and T5. Therefore: for 73
either there is a 73T -edge or some vertex in Rs has a neighbor in Ts U W; and
a neighbor in T3 U Wi; and, for vy, either there is a T3 T5-edge or some vertex in
R4 that has a neighbor in T7 UW; and a neighbor in T, UW;. Up to symmetry,
this leads to the two subcases below. First we pick a vertex wy in Wy. We know
that wq is complete to Ry U R5, anticomplete to Ry and adjacent to as and by4.

Case 3.1: There is (for v3) an edge t1ty with t1 € Ty and t4 € Ty.

By Lemma 7.3, we know that wity, wity, t1b3, t1ayq, tsay, t4by are edges, and
that t4b3, t4a3 are not edges. If t,by is an edge, then {t1, by, wy, ¢4} induces a
Ky. If wyay is an edge, then {wy, aq,t1,¢4} induces a K4. So assume that t1by
and wyay are not edges. Thus ay # by.

Suppose that (for v4) there is an edge sys3 with s; € 77 and s3 € T5. (Possi-
bly s; = t1.) As above, we know that wysy, wyss, sibs, siaq, ssbs are edges,
that ssas, ssbs, wibs are not edges, and that as # bs. By Lemma 7.3 (1),
ssty is an edge and sty is not an edge. If ¢;s3 is an edge, then {ty, s3,wy,t4}
induces a K4. Hence let tys3 ¢ F and, similarly, s;t4 ¢ F. Then ¢; # s, and
{wy, $1,t1, 83,4, b3, a4} induces an Fy.

Now suppose that (for v4) some vertex b in R4 has a neighbor v in Wy U T,
and a neighbor s in 77. (Possibly v = wy, or s; = t1, or b € {a4,bs}.) By
Lemma 7.3 (8), we know that tsaz, wiaz, wisy, vty, vsy, vag, vby, S1bs, siaq,
t4b are edges and that s1ty, sjaq, tias, vwy are not edges.

Suppose that bw; is an edge. So b # ay4. If bty is an edge, then {b,ty,wy,t4} in-
duces a K. If bty is not an edge, then ¢; # sy, and the set {wy,t1, $1,14,b, b3, a4}
hosts an Fy (=1'7), so, by Lemma 1.5, (G contains an induced Fy or I1.

Now assume that bw; is not an edge. So b # by, v # wy, and we may assume
that v € T (else take w; = v). We know that vas and wyas are edges and
vas is not an edge. If bty is not an edge, then sy # t1, b # a4, and the set
{w1, a4, b,b4,t1, 51, a5,t4, b3, v} hosts an Iy (with optional edges t4s1, vy, 1b4,
bswy, vay), so, by Lemma 1.5, (¢ contains an induced Fiy, Iy or Fy. Hence let
bt; be an edge. If tjaz is an edge, then {wy,b, by, ty,as,as, v} induces an Fy.
If tyas is not an edge and wybs is an edge, then {wy,b, by, t1,as, bs, v} induces
an Fy. If tjas and wybs are not edges, then {v,t4, as,ty,bq, b, w1} hosts an Fy
(with optional edge vt4).

Case 3.2: Some vertex a in R3 has a neighbor v in W1 U Ts and a neighbor ty
in T1, and some vertex b in R4 has a neighbor v in Wiy U Ty and a neighbor sq
mn Tl.

By Lemma 7.3 (1), (5) and (8), we know that {bq, as,t1, 51} is a stable set and
is complete to {ry, u,v,wi}, and that u, v are not adjacent to ry, wy. Moreover,
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t; and sy are adjacent to b3 and a4, and was and vby are edges.

Suppose that aw; and bw, are edges. If bty is an edge, then {b, ¢y, u, a} induces
a Ky. Solet bty ¢ FE, and similarly as; ¢ F. Then a # bs, b # a4, and
{u,a,b,ty,s1,b3, a4} hosts an Fy.

Now suppose that bw; is an edge and aw; is not. Thus wy; # w and as # a.
If sjas is an edge, then {sy,as,b, w1} induces a Ky. So let sjaz ¢ E. Thus
bs # as. If we can choose s; = ty, then {sy, a3, a, wy, u,b, by} induces an Fy. So
let s; # t1, and, by the same argument, asy,bt; ¢ F. Thus b3 # a and a4 # b.
If ubs is an edge, then {s1,as, bs, w1, u,b, by} hosts an Fy (with optional edge
bswy). So let ubs ¢ E. If wyay is an edge, then {wy, u, a4, b2, t1,as,a} hosts
an Iy (with optional edges way, t1as). So let wyay ¢ E. Thus ay ¢ {b,ba}.
Then {s1, as, a, bs, wy, u, as, b, by, t1} hosts an Fy; (with optional edges t1as, t1 by,
81b4).

Therefore we may assume that aw; and bw; are not edges, and more gener-
ally that a and b have no neighbor in Wy. Thus we have v € T5, v € Tj,
and wy; ¢ {uw,v}. Also a3 # a and by # b. Since v € Ty, we have
va,vag ¢ F; and similarly, ub,uby ¢ E. If we can choose s; = ty, then
{s1, a5, as, a, v, wy,u,b, by, by} hosts an Iy (with optional edges uv, syas, s1b4)
so (G contains an induced Fiy, Fy or Fy;. Therefore let s; # 1 and, by the same
argument, let asy, bty ¢ E. So by # a and aq # b. We know that vbs, uay ¢ FE.
If t1b4 is an edge, then {¢1, as, a, w1, u, by, bz} hosts an Fy (with optional edge
tias). So let t1b4 ¢ FE, and similarly sjas ¢ E. Thus b3 # a3 and a4 # bs.
Then {a, b3, v, wy, u, a4, b, by, by, t1, 51, as,as} hosts an Iy (with optional edges
uv, wibs, wiay, tras, s1by, ubs, vay), so, by Lemma 1.5, GG contains an induced
Fio, Fi1, Fy or Fy. This completes the proof of case 3.

We may now assume that each of Wy, ..., W5 is empty. Let J be the graph
with six vertices zg,y,..., 25 such that z,...,z5 induce a C5 and zq is ad-
jacent to exactly four of them. If G contains a copy of J, then we can restart
the procedure at the beginning of this section with the five vertices zq,..., zs.
Then vertex zq is placed in one of the corresponding sets W;, and we can con-
clude as in Cases 2 or 3 above. Therefore we may assume that ' contains no
J. Moreover, the following property (T) holds:

(T) For any edge zy with x € T;_y and y € Ti41, © is complete to R, 4o and
y is complete to R;_5.

Indeed, if & has a non-neighbor z in T;15, then {a;_1,b;11,b;—2, 2, y, 2z} induces
a J, and the same holds for y be symmetry.

Case 4: Some v, satisfies (v).
Let 5 satisfy (v). So some vertex z in Z has neighbors t3 in 7%, t3 in T5 and
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ts in T5. By Lemma 7.3 (1), we have tyt5 € F, and 7.3 (4) applies to t3,t3,t5.
If both tsty and t5t3 are edges, then {t5,t3,t3, 2} induces a Ky4. If only one is
an edge, say tsty € F and tst3 ¢ F, then {ry,ry, z,t5,t2,t3} induces a J. So
assume tstg, t5ts ¢ . Consider any ¢; in Ty. By Lemma 7.3 (1) and (8), we
know that tity, t1t5 t1b3, t1as are edges. Then {bs, a4, 1o, z,t5,t1} induces an
I, or a J. Therefore 77 = ), and similarly T4 = (. Thus 73 does not satisfy
(iv) or (v). By the preceding points, v5 does not satisfy (i), (ii) and (vi). So
vs satisfies (iii) and so (since Ty U Ty = @) there is an edge s5sy with s5 € T5
and sy € Ty. Suppose that ss is adjacent to z. Then (just like for ¢5) s5 is
complete to Ry U R3, ssto and ssts are not edges, and s; is not adjacent to z.
Then {ry,ry, ss5, 2, t3, 82} induces a J. Now assume that s5 is not adjacent to z.
So s5 # t5. We know that ssby and ssas are edges. Then s5 is adjacent to tg,
for otherwise z, ¢, s5 violate Lemma 7.3 (11), and similarly s5 is adjacent to 3.
But then {ss,ts,t5,us} induces a K4. This completes the proof of case 4.
Therefore, each vy, satisfies (iii) or (iv).

Case 5: For some i, there is a T;T;19-edge and a T;T;_q-edge.

Assume that there are edges t5ty and tits with ¢5,tL € T5, to € Ty, and t3 € T5.
We know that t5 and t§ are adjacent to by and as and that tots, t2by, taas, tsay,
t3bs are edges. We may assume that either tf = t5 or tLty and t5t3 are not edges.
If some vertex x in Rs is adjacent to both t; and t3, then either {z,t5,¢3,t5}
induces a Ky (if t§ = t5) or {z, by, t3,15,tL, t2, as} induces an Fy (else). So we
may assume that there is no such z. Thus asts € F and bsty ¢ F.

Suppose that s satisfies (iii). So, up to symmetry, there is an edge t;t; with
t1 € T1 and t§ € T5. We have t1b5 € E. We can argue with the pair of edges
{t1t5,tlts} as above with {tste,tLts}, so we know that tyas and tLbs are not
edges. By Property (T), t} is complete to Rs, so t§ # t3. Likewise, t5 is com-
plete to Rs, so t5 # tk. Then {ay,12, as, bs, t1, ba, t3, 15, t5,tL} induces an Fiy.
Suppose that 75 satisfies (iv). So there is a vertex @ € Rs that has neigh-
bors sy in 73 and ss in T5. By the argument about z above, and up to
symmetry, we may assume that aty ¢ FE. So sy # t3, and we may as-
sume that sots, sott ¢ E (else we could take ty3 = s3). If s3b5 is an edge,
then either tf = t5 and {bs, as, s, b4, 5, 52,12} induces an Fy, or tL # t5 and
{bs, a5, bz, t3, by, t5,1, 82,13, a3} induces an Fiy. So let s3bs ¢ FE. By the
same argument, with « instead of bs, we obtain that at; ¢ F. So s3 # ts,
and as above we may assume that ssts,sstt ¢ FE and ssas ¢ F. Then
{a, as, vy, ts, s3,ba, 1L, t5, a1, S2,t2, as, bs} induces an Fis.

Case 6: For some i, there is a T;T;19-edge and a T;11T;13-edge.
Assume that there are edges tyt5 and tyt4 with t; € T; for each ¢ = 1,2,3,4. We
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know that t1tq, tats, tsta, t1bs, t2ba, tsaq, tsay are edges and, by Property (T),
t1by, tyay, tars and tars are edges. We may assume that we are not in Case 5,
so there is no edge between Ty and T4 or between T5 U T3 and Ts. Therefore 5
and +s satisfy (iv), so there is a vertex ¢5 in T5. By Lemma 7.3 (3) and up to
symmetry, we may assume that {5 is complete to Ry. We know that tsas is an
edge. If t5b3 is an edge, then {ts,ts,as,ty,1t4,b3,t2} induces an Fy. Hence let
tsbs ¢ F; so by # as and, by the same argument, tya3 ¢ F. If az has a neighbor
t1 in Ty, then we may assume that tits ¢ FE (else take t; = t{), and then
{t1,t},az,t3,ba, t5,ay, b3, as, rs} induces an [I1;. Hence let az be anticomplete
to Ty. Suppose that bs has a neighbor ¢ in T5. We may assume that tLay ¢ F
(else take t5 = 1), so, by Lemma 7.3 (3), t§ is complete to Rz, and we know
that t5 and tf are adjacent to by. Then {by, az, b, ti,t5,t2, b3, as,t4,t1} hosts
an I1q (with optional edge t4b3). Hence let b3 be anticomplete to T5. Since 73
satisfies (iv), there is a vertex y in R3 with a neighbor s; in 77 and a neighbor
s5 in Ts. If yty is an edge, then we can conclude as above with y instead of bs.
So let yty ¢ E and, by the same argument, sit3 ¢ E. Since as is anticomplete
to Ty, we have azs; ¢ F, so, by Lemma 7.3 (3), s; is complete to R4. Likewise,
bsss ¢ E, so ssay € E. Then {sy,as,ts, by, ss,ay,bs,y,tg,t1} induces an Fiy.
This concludes the proof of Case 6.

We may now assume that we are not in cases 1—=6. So there is a T;T;o-edge
for at most one value of 7, and we may assume up to symmetry that if there is
such an edge then ¢ = 4. Therefore 41, v4 and 75 do not satisfy (iii), so they
satisfy (iv), that is, for each j € {1,4,5} there is a vertex u; in R; that has
neighbors t;49 in 742 and s;43 in Tj43. Also we know that 7} is complete to
Ty and anticomplete to 13, that T, is complete to T3 and anticomplete to T5,
and that Ty is complete to T3.

Case 7: There is a T4T1-edge.

Let t4s1 be an edge with {4 € Ty and s; € Ty. We choose vertices ¢; and s;
(¢ € {1,2,3,4}) such that t; = s; if possible, i.e., whenever one vertex of T}
can play the role of both ¢; and s;. (Thus, if, for example, t3 # sq, then uy is
not adjacent to ¢y and us is not adjacent to sp. This also implies uy # a4 and
us # as.) Consider the set D = {i € {1,2,3,4} | t; # s;}.

If D=0, then {uy,ug,ts,t1, us,tq,to} induces an Fy.

Now suppose that D contains 1. Then sq is not adjacent to uy, £; has no neighbor
in Ty and uy # ay. If we also have 3 € D, then s3 is not adjacent to uy, so we have
83 € T3_Rl and ¢, € TI_T“7 and these two vertices violate Lemma 7.3 (10). Hence
3 ¢ D, that is, t3 = s3. Suppose that 4 € D. Then t4 is not adjacent to uy, s4
has no neighbor in Ty, and u; # by. Moreover, by the same argument as above,
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we have 2 ¢ D, that is, ty = s3. Then {uy, by, aq, uq,ts, ag, $1,t1, s, Sq,t4,b3,t2}
hosts an Fyy (with optional edges bits, asty). Hencelet 4 ¢ D. If D = {1}, then
{u1, as, ua,ts, s1,t1, us, ta, bs, t2} hosts an Iy (with optional edge astz). Hence
let D = {172} Then U4 ¢ {6147134}. If ayg = b47 then {U17a47t37817U57t47t2}
induces an Fy. If ay # by, then {uy, ay, uq, by, ts, s1,t1, a5, us, tq, b3, so,t2} hosts
an Fiz (with optional edges a4z, aata, basy, baty). We may now assume that
D does not contain 1, and similarly, not 4.

Suppose that D = {2}. Then we have uy # by and us # as, and
{u1, ua,ba,t3,t1, a5, us, ta,s2,t2} hosts an Fyy (with optional edges bst; and
tsas). The same holds by symmetry if D = {3}.

Finally, let D = {2,3}. Then we have uy # a1, u4 # by, and us ¢ {as,bs}.
If a5 = bs, then {uy,uq,ts,t1,as,tq,52} induces an Fy. If as # bs, then
{u1, w4, by, s3,3,t1, a5, us, bs,t4,s2,t2,a1} hosts an Iy (with optional edges
aity, baty, asss, asts, bssa, bstz). This concludes the proof of Case 7.

Case 8: For every i, there is no T;T;1o-edge.

So each v; (j € {1,...,5}) satisfies (iv). Thus there is a vertex u; in R; that
has neighbors ¢;49 in T;49 and s;43 in T;43. Suppose that for some j we cannot
choose s; = t;, say for j = 2; in other words tyu4 and spus are not edges and
uyg 7# by and us # as. Then {usg, s9,uq, us,t2} induces a Cs, so we can apply
the algorithm on this Cs, starting from sets R} = {uz}, R, = {s2}, Ry = {ua},
R, ={us}, Rl = {t2} and growing the corresponding Cs-structure. Note that
by and as have neighbors in at least three of Rf,..., Rf. Thus, either one
of by, as has neighbors in at least four of these sets, and then G contains an
F; or a J and we can conclude as above; or we have by € T} and a5 € T}
(with the obvious notation), so byas is a T5T:-edge and we can argue as in the
preceding case. Therefore we may assume that ¢; = s; for each j € {1,...,5}.
Then {uy,...,us,ty,...,t5} induces an Fjy;. This completes the proof of the
lemma. O

7.3 When G i1s 3-colorable

In this section, we analyze the situation when G is 3-colorable. We may assume
up to symmetry that the algorithm has found that 5 extends to a 3-coloring v
of G. Thus we have v(R; U Ry) = 1, v(R2) = 2, v(R3) =3, v(Rs) € {2,3} and
we know that v(WyUTyUT5) = 2, y(WsUT2UTy) =3, v(15) = 1, and none of
properties (i)—(vi) of Lemma 7.6 hold for h = 5, in particular, W, UW,UW;5 = (.

For each ¢ € {1,...,5} we define a set U; = TZ»__?“ UT 7' By
Lemma 7.3 (11), we know that every vertex of 7 is either complete or anti-
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complete to U;. Let Z; be the set of vertices of Z that are anticomplete to
U;.

Lemma 7.8. Every stable set of G is a subset of one of the nine sets Wj, Wi,
wy, Wi, Ty, T4, Uy, Uy, UL, which are defined as follows:

Wi = WoURyUR,UT UT3UTY? UZ and Wh = WU R URsUT,UT,UTY? U Z,
Wy = WyURyURsUTUT3UTY?UZ and WY = W3UR3URsUT,UT,UTY? U Z,
Th=RIURUT? UTsUZ and Ty = Ry U R, UT? UTs U Z,

U]{ =R, UU;UZ;, for je{l,4,5}.

Proof. Let S be any stable set in G. First suppose that S contains no vertex
from the Wi's or T}’s. So S C RiU---URsUZ. Then S C R; U Rj4o U Z for
some j € {1,...,5}, and correspondingly S is a subset of one of Wi, Wj, W{,
T, Wi

Now suppose that S contains a vertex of Wy. By Lemma 7.3 (5), S contains
no vertex from Ry, Rz, Ty, T, or Ts. Thus S C WoURy UR4URsUT  UT5U Z.
If S also contains a vertex from Ry, then S contains no vertex from Rs5 and so
SCWyUR;URyUT UT5U Z, which is a subset of Wj; else S C Wy U Ry U
Rs UTy UT5U Z, which is a subset of WJ'.

Likewise (by symmetry), when S contains a vertex of W3, we obtain that S
is included in W or in WY

Therefore we may assume that S contains no vertex of Wy U Wiy,

Suppose that S contains a vertex of 77. By Lemma 7.3 (1), S contains no
vertex from Ry, Ty, or Ts. Thus S C Ro U RsU R, URsUTy UT3UT U Z. If
S contains a vertex from R, then S contains no vertex from R; U R4 and, by
Lemma 7.3 (1) and (4), S contains no vertex from T3 or T{; s0 S C Rz U Rs U
Tloz UTyUZ CWY. If S contains a vertex from Ry, then S contains no vertex
from R3U Rs and, by Lemma 7.3 (1) and (4), S contains no vertex from Ty or
le; so S C RyUR4U Tloz UTsUZ CW,. Now let S contain no vertex from
Rs U R4. If S contains a vertex from Ry or T3, then S contains no vertex from
T7,and so S C RyURsUT, UT3UTY? U Z C WY, Now let S also contain no
vertex from Ry or T5. So S C RsUT; UTyUZ. If S contains a vertex of T that
is complete to T4, then S contains no vertex from T4, s0 S C RsUTUZ C W),
Likewise, if S contains a vertex of T4 that is complete to Ty, then S contains
no vertex from T, s0 S C Rs UTy U Z C W{. In the remaining case, we have
S C R5UT1_T4UT4_T1 UZ = RsUUsUZ. If S contains a vertex of Z \ Zs
(which is complete to Us by Lemma 7.3 (11)), then we have S C RsUZ C WJ'.
Else, we have S C RsUUs U Z5 = UL.

Likewise (by symmetry), when S contains a vertex of Ty, we obtain that S

is included in one of W2 Wi WY UL.
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Therefore we may assume that S contains no vertex of T7 U Tj.

Suppose that S contains a vertex of T5. By Lemma 7.3 (1), S contains
no vertex from Ry or T3. Thus S C RiUR3 UR,URsUTo UTs U Z. If S
contains a vertex from Ry, then S contains no vertex from R4, Ry or T, and
s0 S C RsUR;UTy,UZ C WY, Now let S contain no vertex from Rs. If S
contains a vertex from Ry, then, by Lemma 7.3 (4), S contains no vertex from
Rs3 or TQZ7 and so S C Ry UR4U TQOZ UTsUZ = T, If S contains a vertex
from Rs, then, by Lemma 7.3 (4), S contains no vertex from R4 or T5Z7 and
so S C RiUR3U T5OZ UTyUZ C Wi Now let S also contain no vertex from
RsUR4. So S C RiUTL,UTsUZ. If S contains a vertex of Ty that is complete to
Ts, then S contains no vertex from T, s0 S C RyUTyUZ C Wi, If S contains
a vertex of Ty that is complete to T5, then S contains no vertex from Ts, so
S C RiUTsUZ C T4 In the remaining case, we have S C Ry UTQ_TE’ UT5_T2 uz
= RyUUUZ. If S contains a vertex of Z \ Z; (which is complete to Uy by
Lemma 7.3 (11)), then we have S C R;UZ C Wi. Else, we have S C R, UU,UZ,
=Uj.

Likewise (by symmetry), when S contains a vertex of 73, we obtain that S
is included in one of WY, T%, W} or Uj.

Therefore we may assume that S contains no vertex of Ty U T5.

Let S contain a vertex from Ts. Then S contains no vertex from Rs, so
SCRIURURsUR4UT5UZ. If S contains a vertex from Ro, then it contains
no vertex from Ry, Rz or T5Z7 and so S C RQUR4UT5OZUZ C WJ. By symmetry,
if S contains a vertex from Rs, then S C W.. Finally, if S contains no vertex
from Ry URs3, then S C RyUR4UT5 UZ C T). This completes the proof of the
lemma. O

The preceding lemma shows that computing a maximum stable set in GG can
be reduced to a fixed number of similar problems on smaller graphs. Moreover,
the next lemma shows that each such problem is easy.

Lemma 7.9. For each set X among the nine sets from Lemma 7.8, the induced
subgraph G[X] is bipartite and (consequently) one can compute a mazximum
weight stable set of G[X] in linear time.

Proof. First let X = WJ}. Then X can be partitioned into the two sets Wy U
RyUTy UT3 and Ry U T5OZ U Z. The first one is a stable set, because all its
vertices have color 2. The second one is also a stable set, by the definition of
Z and T5OZ. So G[X] is a bipartite graph, and finding a maximum stable set in
G[X] can be done in linear time as explained in Section 2. The same argument
holds when X is W), by symmetry. Likewise, W can be partitioned into two
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stable sets Wy U Ry U Ty U T3 and Rs U TV U Z, so G[WY] is bipartite. The
same holds for W4, by symmetry. Similarly, T} can be partitioned into the two
stable sets Ry U R4 U T5 and TQOZ U Z, so G[Tj] is bipartite. The same holds
for T}, by symmetry. Finally, by Lemma 7.3 (11) and the definition of 7, the
set Ul = Ry U T5_T2 U TQ_T5 U Zy can be partitioned into the two stable sets
R U T5_T2 and TQ_T5 U Z1; and the same holds for Uj, by symmetry, and also
for UL. O

The preceding lemma shows that computing a maximum stable set in GG can
be reduced to nine instances of the same problem on bipartite subgraphs of G.
So the total time complexity of the problem is linear. This completes our proof
when G contains a Cf.

As in the preceding section, we know that when the algorithm reaches this
point, it has not found any P5 and it has successfully established that the graph
is 3-colorable and solved the maximum weighted stable set problem in linear
time. But that does not mean that the graph does not contain any Ps. We
clarify this last question in the following lemmas. Let us introduce some new
sets. For each ¢ € {1,...,5}, define

Xi = RZ'_Q U Ti—l U Ti-l—l U RH_Q and
Y;' - Rz U Tz U TZ'_Q U TH_Q.

Lemma 7.10. G contains a Ps if and only if the subgraph induced by one of
the fifteen sets Wi, W, Wi WY Xy, ..., X5, ZUT5, Y1, ..., Y5 contains a
2K,.

Proof. Suppose that one of the fifteen sets X contains a 2K5, with vertices
a,b,a’ b, First let X = WJ. We know from Lemma 7.9 that X can be par-
titioned into two stable sets Wy U Ry UT; U T35 and Ry U T5OZ U Z. We know
from Lemma 7.3 (8) that some vertex a; in Ry is complete to T5. Hence a; is
complete to Wy U Ry UT; UT3 and anticomplete to R4 U T5OZ U Z, and it follows
that {ay,a,b,a’,b'} induces a Ps in GG. Now let X = WJ'. We know that X can
be partitioned into two stable sets Wy U Ro U Ty U T3 and Ry U TEZ U Z. By
Lemma 7.3 (8), some vertex b3 in Rs is complete to 7T, so bz is complete to
W2 U RyUT; UTs and anticomplete to RsUTYZ U Z, and {bs, a,b,a’,b'} induces
a Ps. The same holds when X is equal to W) or WY, by symmetry. Now let
X = X;. We know that X can be partitioned into two stable sets To U R3 and
Ry UTs. By Lemma 7.3 (8), there is a vertex as in Rs that is complete to T5.
So as ¢ {a,b,ad’,b'}, and {asz,a,b,a’,b'} induces a Ps. By symmetry, the same
holds when X is equal to X; for any i € {2,...,5}. Now let X = ZUTs. Then
we can pick any vertex rs in Rs and {rs,a,b,a’,b'} induces a Ps. Finally let
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X =Y. By Lemma 7.3 (8), there exists a vertex ay in Ry that is complete to
T4 and there is a vertex by that is complete to T5. Since Ry is complete to T}
and T3 is complete to T}, it must be that either the four vertices a,b,d’, b’ are
located one in each of the four sets Ry, 11, T3, T4, or two of a, b, a’, b’ are in one
of Ry, T} and the other two are in one of T5,Ty. In either case, {ay,a,b,a’, b’}
or {bs,a,b,a’,b'} induces a Ps. By symmetry, the same holds when X is equal
to Y; for any i € {2,...,5}.

/

Conversely, suppose that (G contains a Ps a-b-c-b’-a’. Since the subgraph
induced by Ry U---U R5 U Z contains no 2K, it must be that at least one of
the four vertices a,b,a’, 0" is in V(G)\ (R1U---UR5UZ), that is, in Wy UW3U
Ty U---UTs. Up to symmetry this leads to the following cases.

Case 1: one of a,b is in W;. Let us call w the vertex in {a,b} N W5 and y
the other vertex in {a,b}. Since a’ and b’ are not adjacent to w, they must, by
Lemma 7.3 (5), both lie in Ry UR4U Rs UW,U Ty UT5U Z. Since o’ and b are
adjacent, this leads to the following subcases.
Subcase 1.1: one of a’', V' is in Z and the other is in Wy UT; U T3. Let us call
z the vertex in {a’,b'} N Z and t the other vertex in {a’,b’}. Suppose that ¢ is
in WoUTy. Thus ¢ is in Wy U le. Then, since y is adjacent to w and not to z
and ¢, by Lemma 7.3 (4) or (5) vertex y must be in R4 U Rs UT,;U Z. In fact
if y is in Ty, then y, ¢, z violate Lemma 7.3 (5) or (11). If y is in R4 U Z, then
{a,b,d',0'} induces a 2K, in Ry U ZU W, UTy, which is a subset of WJ. If y is
in Rs, then {a,b,a’,b'} induces a 2K, in Rs U Z U Wy U Ty, which is a subset
of WJ'. Now suppose that ¢ is in T3, hence in T3Z. Since y is adjacent to w and
not to z and ¢, vertex y must be in R4 UTsU Z. In fact, as above, if y is in T%,
then y, ¢, z violate Lemma 7.3 (11). So y is in R4U Z and {a,b,d’,b'} induces a
2K3 in RyU Z U W3 U T3, which is a subset of WJ.
Subcase 1.2: one of a', b’ is in Ry anf the other is in Rs. Since y is adjacent
to w and not to ¢’ and V', by Lemma 7.3, y cannot be in any of the sets of the
C's-partition.
Subcase 1.3: one of a’', b is in Ry and the other is in Wy U T7. Then, by
Lemma 7.3 (1) or (5), y must be in Ry U Z, so {a,b,a’,b'} induces a 2K, in
Ry U Z UW;yUTy, which is a subset of WJ.
Subcase 1.4: one of a’', b is in Rs and the other is in Wy U T5. Then, by
Lemma 7.3 (1) or (5), y must be in Rs U Z, so {a,b,a’, b’} induces a 2K in
Rs U ZUWyUTs, which is a subset of WJ. This completes the proof in Case 1.
By symmetry, if one of a, b is in W3, then {a,b,a’, b’} induces a 2K in W,
or W{. We may now assume that none of a,b,a’, b’ is in Wy U W.
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Case 2: one of a,bis inT; for some j € {1,...,5}. Tosimplify the notation, put
j = 1. Let us call u the vertex in {a, b}NT} and y the other vertex in {a,b}. Since
a’ and O’ are not adjacent to u, they must lie in RyUR3UR4URsUTUT3UT,UZ.
Since «’ and b’ are adjacent, by Lemma 7.3 (1), we have one of the following
subcases.

Subcase 2.1: one of a’,b' is in 7. We call this vertex z and call ¢ the other
vertex in {a’,b'}. So t isin Ty U T3 U Ty In fact if ¢ is in T3 U Ty, then wu,t, 2z
violate Lemma 7.3 (11). So ¢ is in 7}, hence in T7. Since y is adjacent to u and
not to t (which are both in 73), by Lemma 7.3 (1) y is in Z. Then {a,b,d’,b'}
induces a 2Ky in Z U1}, which is a subset of Wj. (When j € {1,2,3,4}, ZUT;
is a subset of WJ or WJ; when j = 5, recall that Z U T} is one of the fifteen sets
of this lemma.)

Subcase 2.2: one of a',b" is in Ty. We call this vertex u’ and call 3’ the other
vertex in {a’,b’}. We may assume that y,y’ ¢ Z (or else we are in Subcase 2.1).
Hence y,y’ are either both in R3 U Ty or both in Ry U T5, and so {a,b,a’,b'}
induces a 2K either in R3UT,UT}, which is a subset of X5, orin R,UT3UTY,
which is a subset of X5.

Subcase 2.3: one of a’', b’ is in R3. We call this vertex u’ and call 3’ the other
vertex in {a’,b'}. Then ¢y is in RaUT5U Ry4. In fact, by Lemma 7.3 (3), ¢ is not
in R4. Suppose that y" is in Ry. Then, by Lemma 7.3 (1), y must be in T4, and
so {a,b,ad’,b'} induces a 2K, in Ty U Ry U Ry U Ty, which is X5. Now suppose
that ¢’ is in T5. Then y must be in By UT5. If 3 is in Ry, then u is in TI_R3
and g’ is in T?)_Rl7 so they violate Lemma 7.3 (9). If y is in 75, then {a,b,a’,0'}
induces a 2K, in R3UT3UT, UTs, which is Y3. The subcase where one of a’, b’
is in R4 is symmetric. The case where j € {2,...,5} is similar. This completes
the proof of the lemma. O

The preceding lemma shows that detecting a F5 in GG can be reduced to
detecting a 2K, in each of fifteen induced subgraphs of G. Moreover, the next
lemma shows that each such problem is easy.

Lemma 7.11. For each set X among the fifteen sets from Lemma 7.10, we can
decide in linear time whether G[X] contains a 2K;.

Proof. When X is any of the sets of Lemma 7.10 different from Yy, ..., Y5, we
have already observed that G[X] is bipartite, and so detecting a 2K; in G[X]
can be solved in linear time as explained in Section 2.

Now assume that X = Y; for some 7 € {1,...,5}. In this case, the subgraph
G[Y;] is not necessarily bipartite, so we proceed differently. Recall that R; is
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complete to T; and T;_3 is complete to Tiyo. Let (A, B,C, D) be any permuta-
tion of the four sets R;, Ty, T;—o, Ti+o2; we say that the permutation is acceptable
if A is complete to B and C' is complete to D. For each color j in {1,2,3}, let
A; be the set of vertices of color j in A, and let B;,C;, D; be defined similarly.
Recall that in our 3-coloring v, each of the sets Ry,..., R4, T4, ..., T5 has only
one color, and Ry can have vertices of color 2 or 3 only. We claim that:

G[Y:] contains a 2K if and only if one of the following holds for some
acceptable permutation (A, B,C, D) and some color j € {1,2,3}:
(i) Either G[A; U D] or G[C; U B] contains a 2Kjy;

(ii) B~ is not complete to D=4,

Let us prove this claim. Clearly, if (i) holds, then G[Y;] contains a 2K;,. Now
suppose that (ii) holds. Pick non-adjacent vertices b,d with b € B~% and
d € D, So d has a non-neighbor a; in Aj;, and similarly, b has a non-
neighbor ¢; in C;. Then {a;, b, ¢;,d} induces a 2K, in G[Y;].

Conversely, suppose that G[Y;] contains a 2K with vertices u, v, z, y and edges
wx, vy. Since G is 3-colored, we may assume that u, v have the same color j.
Suppose that u,v are in the same set A among R;,T;, T;—9,T;+2. Then z,y
are not in A, and not in the set that is complete to A, and since they are
adjacent they must be both in one of the remaining two sets. Thus there is an
acceptable permutation (A, B, C, D) such that u,v are in A; and z,y are in D,
and (i) holds. Now we may assume that w,v are not in the same set among
R, T;, T;—2,Tit2, so there is an acceptable permutation (A, B,C, D) such that
wisin A and visin C. Clearly x ¢ AUD and y ¢ BUC. If € C, then
y must be in A, but then both A and C' have two colors, which is impossible
as observed above (only Rs can have two colors). Hence we may assume that

€ B and y € D. Thus (ii) holds for (A, B,C, D). Thus the claim holds.

By the claim, checking whether G[Y;] contains a 2K, is equivalent to checking
whether (i) or (ii) holds for any acceptable permutation and color j. Since each
of the subgraphs mentioned in (i) and (ii) is bipartite, we can use the linear
time algorithm from Section 2. The argument above implies that there are
eight permutations to check and three colors, so the total procedure takes linear
time. In fact, given our 3-coloring, it is easy to check that only the following six
permutations must be tested: (71, Ry, T5,T4) with j = 2; (T3, Ry, Ty, T5) with
j = 37 (T37R37T17T5) with ] = 27 (T47R47T27T1) with ] = 37 (R57T57T27T3)
with ] = 37 (R57T57T37T2) with ] = 2. |
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8 ( contains a Cj

The proofs and techniques in this section will be quite similar to those in Sec-
tion 6.2. Let ay,as,as, by, ba, by be six vertices of GG that induce a Cg, with
edges ayaz, ajas, agas, biby, bibs, babs, a1by, azby, asbs. Let us say that a
sextuple (Ay, Ay, Az, By, By, B3) is a Cg-structure in G if Ay, Ay, Az, By, By, B3
are non-empty and disjoint subsets of V(G) such that (with subscripts modulo
3):

e Each of Ay, Ay, As, By, By, B3 is a stable set,

o The sets Ay, Ay, A3 are pairwise complete to each other, and the sets
By, Bg, B3 are pairwise complete to each other,

e Foreach ¢ € {1,2,3}, A; is complete to B; and anticomplete to B;yo,

e For each ¢ € {1,2,3}, every vertex of A; has a non-neighbor in B;;{, and
every vertex of B;y; has a non-neighbor in A;.

Note that the six vertices aj,...,bs induce a graph with a Cg-structure
({a1},{az}, {as}, {b1}, {b2}, {b3}). Our aim is to “grow” it to the largest possi-
ble structure.

Let H be an induced subgraph of G with a Cg-structure (Aj, Ay, Az,
By, By, Bs), and let z be a vertex of V(G)\ V(H). We say that « can be added
to this Clg-structure if the subgraph induced by V(H)U {z} has a Cg-structure
obtained by putting z in one of the six sets.

Lemma 8.1. Let H be an induced subgraph of G with a Cg-structure (A, As,
As, By, By, Bs). Let x be a vertex of V(G)\V(H) that has a neighbor in V (H).
Then either:

o (& has an induced subgraph that is either a Ps, a Cs, or a member of F,

e The subgraph induced by V(H) U {z} has a Cg-structure,

e There is an integer h € {1,2,3} such that x is complete to Ap11 U Apyo U
By U Bpy1 and anticomplete to Ay, U Bpis.

Proof. The proof is an algorithm that determines which outcome holds. Using
the usual techniques, it is easy to see that this algorithm works in linear time
O(n+m). If the algorithm finds an induced subgraph that is a P5 or a member
of F, then it stops with the answer “G is not in class C.” If the algorithm finds
an induced Cj, then it goes to the preceding step (Section 7). The algorithm
works as follows. Let s4 be the number of sets among A;, A, A3 that contain a
neighbor of z, and let sp be defined similarly. If s4 = 3, then z has a neighbor
u; in A; for each 7 € {1,2,3}, and then {z, uy, ug, us} induces a K4 (a member
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of F), so the algorithm returns this K4 and stops. Let us now assume that
s4 < 2 and similarly sg < 2.

We claim that max{ss,sp} = 2. For suppose the contrary, that is,
max{sa,sp} < 1. By the hypothesis on z, and up to symmetry, we may
assume that = has a neighbor u; in Ay, so s4 = 1 and x has no neighbor
in Ay U A3. Pick any us in A, and us in As. By the definition of a C¢-
structure, for each ¢ € {1,2,3} vertex w; has a non-neighbor v;1; in By.
Note that {uy,ug, us, vy, vy, v3} induces a Ce. If 2 is not adjacent to vy, then
{x,uy,uy, vy, v3} induces either a Ps or a C5. So assume that z is adjacent to
ve. If 2 is not adjacent to vz, then {a,uy, us, vy, v3} induces a Cs. So let & be
adjacent to vs; then sg = 2, thus our claim holds.

Since max{s4,sg} = 2, and up to symmetry, we may assume that s4 = 2.
So, up to symmetry, & has a neighbor w; in A; for each ¢ € {1,2} and z is
anticomplete to As. Pick any us in As. We know that, for each 7 € {1,2,3},
vertex u; has a non-neighbor v,y in B;yy. Note that {uy,us, us, vy, ve, v3}
induces a C. If 2 has a non-neighbor w in Bs, then {z,uy, us, w, vy} induces
a Ps or C5. So we may assume that z is complete to Bs. Now we distinguish
between three cases.

Case 1: x has a neighbor in By. Then the argument above concerning the pair
(A1, A3) can be repeated with the pair (Bs, Bi), so we may assume that z is
anticomplete to By and complete to A,. If 2 is complete to A; U By, then the
last outcome of the lemma holds (with A = 3). If z is complete to A; and not to
By, then = can be added to As. If z is complete to B; and not to Ay, then x can
be added to By. Finally, if # has a non-neighbor «} in 4; and a non-neighbor
vy in By, then {u}, ug, 2, vs,v1} induces a Cs.

Case 2: x has a neighbor in By. Then the argument above concerning the pair
(A1, A3) can be repeated with the pair (B, Bs), so we may assume that z is
anticomplete to B; and complete to A;. However, the situation now is not
symmetric to the situation in Case 1, so we analyze it differently. Let z5 be a
neighbor of  in By. We claim that:

For each j € {1,2,3}, there is no edge between A; and Bj44. (1)

For suppose on the contrary that there is an edge «;f3;41 with o; € A; and
Bi+1 € Bjqy for some j € {1,2,3}. First let j = 1. If 2 is adjacent to 3y, then
{, 01, u3, B2} induces a K4 (= F1). If z is not adjacent to 3y, then 82 # vy and
by the same argument « is not adjacent to vy, and then {z, vy, ug, v3, oy, ve, B2}
induces a C7 (= Fy). Now let j = 2. If = is adjacent to ay, then {z, 22, ag, 33}
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induces a K. If 2 is not adjacent to agy, then ay # uy and by the same argument
33 is not adjacent to wuy, and then {x, ay, uz, 33, uy, 22, us} induces a C7. Now
let j = 3. Then {z,as, 22, u1, v3, ug, 31} induces a C'7. Thus claim (1) holds.
By claim (1), (Ay, A3, Ay, By, B, By) is also a Cs-structure. Now the situ-
ation is entirely similar to that in case 1 and we can conclude as in that case.

Case 3: x has no neighbor in By U By. Thus z is anticomplete to A3 U By U By
and complete to Bs. If z has a non-neighbor u} in Ay, then {a,uz, u},v1,vs}
induces a C5. So let & be complete to A;. If z has a non-neighbor u), in Aj,
then we know that u}, has a non-neighbor v} in Bs, and then {a, uy, ), vo,vi}

induces a C's. In conclusion, z is complete to A; U Ay U B3, so z can be added
to Ag. |

From an algorithmic point of view, it is easy to test the properties of the
preceding lemma. Initially we set A; = {a;} and B; = {b;} for each i € {1,2,3}.
Then we apply remarks (a) and (b) from Section 3. So the total running time
of this step is O(m + n).

Now we may assume that the algorithm has produced an induced subgraph
H of G with a Cg-structure (A, Ay, A3, By, By, B3) with a; € A; and b; € B;
for each ¢ € {1,2,3} and such that H is maximal with this property in the
sense that no vertex can be added to the structure. So the preceding lemma
implies that, for every vertex z of V(G) \ V(H), either 2 has no neighbor in
V(H) or z satisfies the last item of the lemma. For each i € {1,2,3}, let X; be
the set of vertices of V(G)\ V(H) that are complete to A; 41 UA; 42U B; U B4
and anticomplete to A; U Biys. Let Z7 = V(G) \ (V(H) U X7 U Xy U X3).
Thus Ay, Ay, As, By, Ba, B3, X1, X2, X3, Z form a partition of V(G/) and there
is no edge between Z and V(H). If Z contains two adjacent vertices z, 2/, then
{z,72',a1,b1} induces a 2K5, and the algorithm goes to Section 6. Now let us
assume that 7 is a stable set.

Lemma 8.2. Fither G contains a Ps or K4, or the following properties hold:
Fach of X1, X5, X3 is a stable set.

The sets X1, Xg, X3 are pairwise complete to each other.

FEach vertex of Z is anticomplete to at least one of X1, X9, X3.
V(G)\ Z contains no double vertez.

o Fach double vertex of Z is anticomplete to at least two of X1, X9, X3.

Proof. Suppose, up to symmetry, that Xy has two adjacent vertices 2y, 2. Then
{21, 2, az, bz} induces a K4. The same holds for X, and Xs.
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Next, suppose, up to symmetry, that there are non-adjacent vertices z; in Xy
and x5 in Xy. Then {xy,as, ay, x2, b3} induces a Ps.

Next, suppose that some vertex z in Z has a neighbor zj; in Xj for each
h € {1,2,3}. By the second item, zy,x9,25 are pairwise adjacent. Then
{z,21, 29,23} induces a Kjy.

Next, suppose that there is a double vertex u in V(G)\ Z. Up to symmetry,
we may assume that v € Ay U Xy. Then {u, @, as, by} induces a Ky.

Finally, suppose that some double vertex z in Z has a neighbor zj in X for
each h € {1,2}. By the second item, {z,z, 9, 23} induces a Kjy. O

Again with the usual techniques, the algorithm can test the properties in
the preceding lemma in time O(n + m). So let us assume that these properties
hold. Then G is 3-colorable, because we can assign color ¢ to the vertices of
A; U Biyo UX; for each @ € {1,2,3}, assign to each simple vertex z in Z the
color assigned to any set X that contains no neighbor of z, and assign to each
double vertex z in Z the two colors assigned to any two sets among Xy, Xo, X3
that contain no neighbor of z.

Lemma 8.3. Fuvery stable set of G is a subset of one of the following six sets:
A;UBiy1 UBjp o UX; U Z, 1€ {1,2,3},
BiUA 1 UA 2 UX, 2UZ, i€{1,2,3}.

Moreover, each of these six sets induces a bipartite subgraph.

Proof. Let S be any stable set of . First suppose, up to symmetry, that .S
contains a vertex from Aj. Then the definition of the Cg-structure and of the
X;’s implies that S contains no vertex from A; U A3 U By U X5 U X3. So S is
a subset of A1 U By U B3 U Xy U Z, which is one of the six sets in the lemma.
Moreover this set induces a bipartite graph, because it can be partitioned into
the two stable sets A1 UB3sUX; and BoUZ. Likewise, if .S contains a vertex from
one of Ay, ..., Bs, then it is included in one of the other five sets of the lemma,
which is bipartite by a similar argument. Finally, suppose that S contains no
vertex from V(H). Then the second item in Lemma 8.2 implies that S is a
subset of X U Z for some h € {1,2,3}, which is a subset of one of the six sets
in this lemma. O

It follows from the preceding lemma that, in order to solve MWSS for G, it
suffices to solve it for the six bipartite subgraphs mentioned in the lemma and
to return the best solution among the six. By the results of Section 2, this can
done in linear time.
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If the algorithm reaches this point without finding a Ps, that does not mean
that the graph does not contain any Ps. This is clarified by the following lemma.

Lemma 8.4. G is Ps-free if and only if each of the three subgraphs G[A; U
Bir1UX;UZ], i € {1,2,3} is 2K5-free. Moreover, each of these three subgraphs
is bipartite.

Proof. The second sentence of the lemma is obvious, because A;UX; and B; 11U
Z are stable sets.

Now we prove the first sentence. Suppose, up to symmetry, that G[4; U
By U X U Z] contains a 2K, with vertices a, b, ¢, d and edges ab and cd. Since
Ay U Xy and By U Z are stable sets, we may assume that a,c € A; U Xy and
b,d € B, U Z. Then b-a-as-c-d is an induced Ps in GG, for any az in As.

Conversely, assume that the three subgraphs contain no induced 2K5,. For
each i € {1,2,3}, the definition of X; and Lemma 8.2 imply that every vertex
of V(G)\ Z is either complete or anticomplete to X;. Consequently:

(1) Any vertex that has a neighbor and a non-neighbor in X; lies in 7.
Now suppose that GG contains an induced Ps wi-us-uz-u4-us. Put X = X; U
X5 U X3. First suppose that one of uy,ug is in X, and call this vertex z, say
x € X;. If also one of ug,us is in X, then, by (1), the other two vertices
among uq, g, g, s must be in Z, but then these four vertices induce a 2/ in
G[X1UZ], which contradicts the hypothesis. On the other hand, if u4 and us are
not in X, then, since they are not adjacent to z, they must be in Ay U BsU Z,
which is impossible as this is a stable set. Thus, and by symmetry, we may
assume that none of wuy, ug, u4, us is in X. Since the vertices of Z are isolated
in G\ X, vertices uy, uy, u4, us must be in H. Suppose that us € X;. Then
uy and us must be in A; U Bs. If u3 € Ay and us € Bs (or vice-versa), then
it is easy to see that one cannot place us and w4 in a way that respects the
adjacency on the Ps. So, up to symmetry, let us assume that uy, us are both in
Aq. Then uy and u4 are neither complete nor anticomplete to Ay, so they must
be in Bg, but then uy, ug, u4, u4 induce a 2K5 in G[A; U By], which contradicts
the hypothesis. So usz € V(H), say us € As. Then u; and us are in By U Bs.
If they are both in By, then it is impossible to place uy and u4 in a way that
respects the adjacency on the Ps. Finally, if uy and uy4 are both in By, then us
and u4 must be in Ay, but then wy, ug, uy, us induce a 2K in G[A; U By], which
contradicts the hypothesis. O
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Conclusion

We studied 3-colorable Ps-free graphs and obtained a complete description of

their structure. We showed that this structure can always be obtained in linear

time. Moreover, using this structure, we showed that the Maximum Weighted

Stable Set problem in such a graph GG can be reduced to solving it in a fixed

number (at most nine) of bipartite subgraphs of G. One may wonder whether a

similar situation occurs in the class of k-colorable Ps-free graphs for any fixed k.
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