
b-coloring of some bipartite graphs

Mostafa Blidia, Noureddine Ikhlef Eschouf, Frédéric Maffray

Laboratoire G-SCOP no 192
46 av. Félix Viallet, 38000 GRENOBLE, France

ISSN : 1298-020X May 2011

Site internet : http://www.g-scop.inpg.fr/CahiersLeibniz/





b-coloring of some bipartite graphs

Mostafa Blidia� Noureddine Ikhlef Eschouf y

Frédéric Ma¤rayz

April 23, 2011

Abstract

A b-coloring is a coloring of the vertices of a graph such that each
color class contains a vertex that has a neighbor in all other color
classes, and the b-chromatic number b(G) of a graph G is the largest
integer k such that G admits a b-coloring with k colors. In this paper,
we show that every graph G 6= Kn of order n satis�es the inequality

b(G) �
�
n+ !(G)� 1

2

�
, where !(G) is the size of the maximum clique

in G; and we give a characterization of bipartite graphs that achieve
equality in the above bound. Also we show that for any graph G;

b(G) � �(G) �
ln
2

m
� 2; and we deduce a characterization of graphs

achieving this bound. In [2], the authors showed that if G is a connected

graph of order n � 5, then for any v 2 V (G); b(G�v) � b(G)+
jn
2

k
�2.

We con�rm this result for an arbitrary graph of order n � 4 and we
conjecture that this bound is achieved if and only if G = C4; P4 or 2P2:

Keywords: coloring, b-coloring, bipartite graphs

1 Introduction

Let G = (V;E) be a simple graph with vertex-set V and edge-set E. A
coloring of the vertices of G is a mapping c : V ! f1; 2; : : :g. For every
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vertex v 2 V the integer c(v) is called the color of v. A coloring is proper if
any two adjacent vertices have di¤erent colors. The chromatic number �(G)
of graph G is the smallest integer k such that G admits a proper coloring
using k colors.

A b-coloring of a graph G by k colors is a proper coloring of the vertices
of G such that in each color class there exists a vertex having neighbors
in all the other k � 1 colors classes. We call any such vertex a b-vertex.
The b-chromatic number b(G) of a graph G is the largest integer such that
G admits a b-coloring with k colors. The concept of b-coloring has been
introduced by R.W. Irving and D.F. Manlove [3; 7]. They proved that
determining b(G) is NP -hard for general graphs, even when it is restricted
to the class of bipartite graphs [6], but polynomial for trees [3; 7]. The
NP -completeness results have incited researchers to establish bounds on
the b-chromatic number in general or to �nd its exact values for subclasses
of graphs (see [4; 5; 6]).

For notation and graph theory terminology we in general follow [1]. Con-
sider a graph G = (V;E): For any A � V , let G[A] denote the subgraph of
G induced by A. For any vertex v of G, the neighborhood of v is the set
NG(v) = fu 2 V (G) j (u; v) 2 Eg (or N(v) if there is no confusion), and the
closed neighborhood of v is the set NG[v] = NG(v)[fvg. Let !(G) denote the
size of a maximum clique of G. If G and H are two vertex-disjoint graphs,
the union of G and H is the graph G+H whose vertex-set is V (G)[V (H)
and edge-set is E(G)[E(H). For an integer p � 2, the union of p copies of
a graph G is denoted pG. We let Pk denote the path with k vertices, and
Kk denote the complete graph with k vertices.

A graph G is called bipartite when its vertex set can be partitioned into
two disjoint parts X1; X2 such that all edges of G meet both X1 and X2.
A complete bipartite graph G with bipartition (X1; X2) is a bipartite graph
such that for any two vertices, x1 2 X1 and x2 2 X2; x1x2 is an edge in G.
The complete bipartite graph with partitions of size jX1j = p and jV2j = q,
is denoted Kp;q: A set M of independent edges in a graph G = (V;E) is
called a matching. M� is said to be perfect if every vertex of G is included
in M�. MU is a matching of U � V if every vertex in U is incident with an
edge in M .

In this paper, we show that every graph di¤erent from clique satis�es

the inequality b(G) �
�
n+ !(G)� 1

2

�
, and we give a characterization of

bipartite graphs that achieve equality in the above bound. Also we show that

for any graph G; b(G)� �(G) �
ln
2

m
� 2; and we deduce a characterization
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of graphs achieving this bound.

2 Upper bound for b(G)

In this section we give an upper bound for the b-chromatic number b(G) in
terms of n and !(G):

Theorem 1 For every graph G 6= Kn of order n � 2;

b(G) �
�
n+ !(G)� 1

2

�
:

Proof. It is easy to see that, if G = Kn, then b(Kn) =
n+ !(G)

2
= n:

Then we may assume that G is not a clique. Let b(G) = k and let c be
a b-coloring of G with k colors and let V1; V2; :::; Vk be the color classes
of c, where Vi consists of the vertices colored i by c for 1 � i � k. Let
t � 0 be the number of color classes that contain a single vertex. If t = 0;

then n =
kX
i=1

jSij � 2k; and therefore, k � n

2
�
�
n+ !(G)� 1

2

�
. Assume

that t � 1: Without loss of generality, we may suppose that for i = 1; :::; t;
jVij = 1. Let xl any b-vertex of color l > t: Then xl is adjacent to any vertex

of
t[
i=1

Vi: It follows that

 
t[
i=1

Vi

!
[ fxlg induces a complete subgraph of G.

Thus !(G) � t+1: Since for i > t; jSij � 2, it follows that n = t+
kX

i=t+1

jSij �

2k � t: This implies that k � n+ t

2
� n+ !(G)� 1

2
: Since k is a positive

integer, then we have the desired inequality.

Proposition 2 For any integer n � 4; there exists a graph G with

!(G) = dn
3
e and b(G) = bn+ !(G)� 1

2
c:

Proof. In order to construct our graph, let us consider three sets, A =
fa1; a2; :::; adn3 e

g, B = fb1; b2; :::; bdn3 e
g (n � 4) and D = fd1; d2; :::; drg such

that A, B are clique and stable, respectively, with
ln
3

m
vertices, and D is a
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clique with r vertices, where r =

8><>:
n
3 if n � 0 [3]�
n
3

�
� 2 if n � 1 [3]�

n
3

�
� 1 if n � 2 [3]

: No vertex of A is

adjacent to a vertex of D. We join each vertex ai 2 A to each vertex bj 2 B
for each i 6= j. Therefore, for 1 � i �

ln
3

m
; (A�faig) [ fbig forms a clique

with
ln
3

m
vertices. If n � 0 d3e, then for every i and every j 6= r, we put

an edge between any two vertices bi 2 B and dj 2 D and no vertex of B is
adjacent to a dr: If n � t d3e, t 2 f1; 2g; then for every i and every j; we put
an edge between any two vertices bi 2 B and dj 2 D:

We denote the graph thus constructed by G. It is easy to verify that
G satis�es the conditions of this proposition. In fact, according to this

construction, we see easily that !(G) =
ln
3

m
. In order to show that G

satis�es b(G) =
�
n+ !(G)� 1

2

�
, it su¢ ces to exhibit a b-coloring G with

bn+ !(G)� 1
2

c-colors. Indeed, For any integer i; color ai and bi with i. If

n � 0[3]; then for every i 6= r, color di 2 D with
ln
3

m
+ i, and color dr with

c0 such that 1 � c0 � r. If n � t d3e, t 2 f1; 2g; then for any integer i, color
di 2 D with

ln
3

m
+ i. It is clear that this coloring is proper and b-chromatic.

The b-verticers are B [D if t 6= 0, otherwise B [ (D�fdrg):

The following corollary is an immediate consequence of Theorem 1

Corollary 3 If G is triangle-free graph, then b(G) �
�
n+ 1

2

�
=
ln
2

m
:

De�nition 4 Let G be a graph and c be a b-coloring of G with b(G) colors.
A set S of b-vertices of c is said to be b-system of c if jSj = b(G) and for
any two vertices x; y of S, c(x) 6= c(y).

3 Bipartite graphs with b(G) =
�
n
2

�
:

We start this section with a straightforward observation.

Observation 5 Let G be a bipartite graph with bipartition (X1; X2). Let c
be a b-coloring of G with b(G) colors and let S be a b-system of c.
For i = 1; 2; if jS \Xij � 2; then all colors of c appear in Xj (j 6= i).
Moreover, if jXj j = b(G), (j 6= i); then all vertices of Xj (j 6= i) have
distinct colors.
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The following proposition immediately follows from the Corollary 3.

Proposition 6 Every bipartite graph of order n � 3; satis�es, b(G) �
ln
2

m
:

Next we need two simple lemmas.

Lemma 7 Let G be a bipartite graph with bipartition (X;Y ) of order n such
that jXj 6= jY j. If there exists a b-coloring of G with

ln
2

m
-colors, then:

min (jXj ; jY j) + 1 =
ln
2

m
:

Proof. Suppose there exists a b-coloring of G with
ln
2

m
-colors. Let

b(G) = k =
ln
2

m
. Without loss of generality, we may suppose that jXj > jY j.

Therefore, n = jXj+ jY j > 2 jY j. Thus,

jY j < n

2
�
ln
2

m
= k: (1)

If k � jY j+ 2; then X contains at least two b-vertices of distinct colors.

Observation 5 implies that all colors appear in Y . Therefore jY j �
ln
2

m
,

which contradicts inequality (1). Thus k = jY j+ 1 = min(jXj; jY j) + 1.

Lemma 8 Let G be a bipartite graph with bipartition (X;Y ) of order n such
that jXj > jY j. If there exists a b-coloring of G with

ln
2

m
-colors, then all

b-vertices of X have the same color.

Proof. Let G be a bipartite graph with bipartition (X;Y ) of n such that
jXj > jY j and let b(G) = k =

ln
2

m
. Suppose that X contains at least two b-

vertices of distinct colors. Observation 5 implies that all colors appear in Y .

Thus jY j �
ln
2

m
: Lemma 7 implies that, k�1 = jY j �

ln
2

m
, a contradiction

to Proposition 6.

In order to characterize bipartite graphs having a b-chromatic number

equal to
ln
2

m
, we de�ne �ve bipartite graphs Gi (i = 1; 2; 3) with bipartition

(Xi; Yi), as follows.

1: Graph G1 is a bipartite graphs with jX1j = jY1j � 3 such that X1 =
A [ C; Y1 = B [D where A;B;C and D satisfy the following conditions:
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� jAj = jDj = p; jBj = jCj = q � p and p+ q � 3

� If p > 1; then G[A[B] = Kp;q; G[A[D] = Kp;p�M�
A[D; G[B [C] =

Kq;q �M�
B[C and possibly there is edges from C to D:

� If p = 1; G[A[B] = K1;q; G[B[C] = Kq;q�M�
B[C and possibly there

is edges (at most q) from D to X:

If p = 0; then G1 = Kq;q �M�
B[C :

2: Graph G2 is a bipartite graph with jX2j = jY2j+ 2 � 4 and jY2j � 2 such
that X2 = fxg [ A [ fu; vg and Y2 = B [ fyg where A; B; x; y; u and v
satisfy the following conditions:

� jAj = jBj = p � 1.

� N(x) = Y and (A [ fxg) � N(y):

� Each vertex of B has at least one neighbor in fu; vg:

� jN(y) \ fu; vgj � 1:

� If y is adjacent to one of u; v; say u, then v is adjacent to all of B.

� If p = 1; then there is no edges between A and B; otherwise, G[A[B] =
Kp;p �M�

A[B:

3: Graph G3 is a bipartite graph with jX3j = jY3j + 1 � 3 and jY3j � 2
such that X3 = fxg [A where A; x satisfy the following conditions:

� jAj = p � 2:

� x is adjacent to all vertices of Y:

� G[A [ Y ] = Kp;p �M�
A[B:

Let H0 = fK1; 2K1;K1 +K2; P3; 2K1 +K2; 2K2;K1 + P3; P4;K1;3; C4g
and let Fb = H0 [ fG1; G2; G3g:

Lemma 9 If G 2 Fb; then b(G) =
ln
2

m
:
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Proof. Let G 2 Fb: If G 2 H0; then it is not hard to verify that,

b(G) =
ln
2

m
. Then we can suppose that G 2 fG1; G2; G3g: By Proposition

6, b(G) �
ln
2

m
: Thus, to show equality it su¢ ces to give a b-coloring c of G

with
ln
2

m
-colors. Now assign a coloring to the vertices of G as follows.

i) Coloring of G1 = (X1; Y1; E1); where X1 = A [ C; Y1 = B [ D and
jX1j = jY1j : Let B = fb1; b2; :::; bqg and C = fc1; c2; :::; cqg. If jAj � 1; then
let A = fa1; a2; :::; apg and D = fd1; d2; :::; dpg: Color ai; di with i (1 � i �
p) and bj ; cj with j + p (1 � j � q). If jAj = 0; then color bj ; cj with j
(1 � j � q):

ii) Coloring of G2 = (X2; Y2; E2); where X2 = fxg[A[fu; vg; Y2 = B[fyg
and jX2j = jY2j + 2: Let jAj = jBj = p � 1 and let A = fa1; a2; :::; apg;
B = fb1; b2; :::; bpg: Color x with 1 and y with p + 2. If y is adjacent to u,
then color u with 1 and v with p+ 2. If y is not adjacent to u; v; then color
u; v with p + 2. If p > 1; then color ai; bi with i + 1 (1 � i � p). If p = 1;
then color a1; b1 with 2:

iii) Coloring of G3 = (X3; Y3; E3); where X3 = fxg [A and jX3j = jY3j+1:
Let A = fa1; a2; :::; apg; Y = fy1; y2; :::; ypg where p = jAj : Color x with 1
and ai; yi with i (1 � i � p+ 1):

It is easy to verify that this coloring will be a b-coloring with
ln
2

m
-colors.

Now we are in a position to prove our main result.

Theorem 10 Let G be a bipartite graph of order n: Then,

b(G) =
ln
2

m
if and only if G 2 Fb:

Proof. Let G be a bipartite graph with bipartition (X;Y ) of order n.

If G 2 Fb; then by Lemma 9, b(G) =
ln
2

m
: To prove the converse, let c be

a b-coloring with
ln
2

m
-colors. Let b(G) = k =

ln
2

m
. If n � 4; then we can

verify that the only graphs that satisfy k =
ln
2

m
are those belonging to H0:

Now we can assume that n � 5 and therefore k � 3: Let S be a b-system
of c and let A = S \X and B = S \ Y: Then jAj+ jBj = k: There are two
cases to consider:

Case 1: n is even. Then k =
n

2
; n � 6:
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Case 1.1: jXj = jY j = k: Let X = fx1; x2; :::; xkg and Y = fy1; y2; :::; ykg:

Case 1.1.1: jAj = 0:

Then all of Y are b-vertices with distinct colors. Observation 5 implies that
all vertices of X have distinct colors. Without loss of generality, we may
suppose that, c(xi) = c(yi) = i, for i = 1 to k: Each vertex of Y needs k� 1
distinct colors in its neighborhood. Thus for i = 1 to k; yi is adjacent to all
vertives of X�fxig. Therefore dG(xi) = dG(yi) = k � 1(1 � i � k); which
gives a complete bipartite graph minus a perfect matching corresponding to
a graph G1.

Case 1.1.2: jAj = 1:

Then jBj = k�1 � 2: By Observation 5 all vertices of X have distinct colors.
Without loss of generality, we may suppose A = fx1g; B = fy2; y3; :::; ykg;
c(x1) = 1; c(xi) = c(yi) = i for i = 2 to k and c(y1) = l where 1 � l �
k: Each vertex of B [ A needs k � 1 distinct colors in its neighborhood.
Therefore, for i = 2 to k, yi is adjacent to all vertices of X�fxig. Hence, x1
is adjacent to all vertices of B and y1 is not adjacent to xl: Vertex y1 may
be adjacent to r (0 � r � k � 1) vertices of X. Thus, 0 � dG(y1) � k � 1;
which gives a graph corresponding to G1.

Case 1.1.3: jAj = p > 1 and jBj = k � p > 1:

Observation 5 implies that all vertices of X (respectively, Y ) have distinct
colors. Without loss of generality, we may suppose that c(xi) = c(yi) = i;
for i = 1 to k; and A = fx1; x2; :::; xpg: Therefore B = fyp+1; yp+2; :::; ykg:
Let C = X�A and D = Y�B. Then jAj = jDj and jBj = jCj : Each
b-vertex xi 2 A (respectively, yi 2 B) is adjacent to all vertices of Y�fyig
(respectively, X�fxig). Hence, the graph obtained is a bipartite graph
de�ned by X = A[C and Y = B [D where G[A[B] = Kp;k�p; G[A[D],
G[B [ C] are two complete bipartite graphs minus a perfect matching, and
possibly there is edges from C and D: Thus the resulting graph is isomorphic
to G1.

Case 1.2: jXj 6= jY j.

Without loss of generality, we may suppose that jXj > jY j. Lemma 7 implies
that

jY j = k � 1 � 2 (2)
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Since jXj = n� jY j with n = 2k; (2) implies that

jXj = jY j+ 2 = k + 1 � 4 (3)

Let X = fx1; x2; :::; xk+1g and Y = fy1; y2; :::; yk�1g: Lemma 8 implies that
contains only one vertex, say x1: This implies that jBj = k�1 � 2: Therefore
(2) implies that all vertices of Y are b-vertices with distinct colors. Also x1
is adjacent to all vertices of Y . Without loss of generality, we may suppose
that c(yi) = i + 1 for i = 1 to k � 1. Therefore c(x1) = 1. Since jBj � 2;
all colors of c appear in X: Hence (3) implies that X contains exactly two
vertices of the same color, say xk+1; xh; where 1 � h � k. Without loss of
generality, we may suppose that, for i = 2 to k; c(xi) = i:

Case 12.1: xh is a b-vertex

Since jAj = 1; h = 1 and therefore c(xh) = c(xk+1) = 1: Since all vertices of
Y are b-vertices, it follows that, for i = 1 to k � 1; yi is adjacent to all of
X�fxk+1; xi+1g: Vertex xk+1 may be adjacent to r (0 � r � k� 1) vertices
of Y . Thus, the resulting graph is isomorphic to G2.

Case 12.1: xh is not a b-vertex

Then h 6= 1: Suppose that h = k > 1: Since c(yk�1) = k; yk�1 is not
adjacent to xk; xk+1. Since yk�1 is a b-vertex, yk�1 is adjacent to all vertices
of X�fxk; xk+1g: Then, by the same argument, for i = 1 to k � 2; yi is
adjacent to all of X�fxk; xk+1; xi+1g; also yi has at least one neighbor in
fxh; xk+1g. Vertices xk+1 and xk are not adjacent to yk: Thus the resulting
graph is isomorphic to G2.

Case 2: n is odd.

Then k =
n+ 1

2
; n � 5: Without loss of generality, we may suppose that

jXj > jY j. Lemma 7 implies that jY j = k � 1. Since jXj = n � jY j =
n� (k� 1) with n = 2k� 1; jXj = jY j+1 = k: Let X = fx1; x2; :::; xkg and
Y = fy1; y2; :::; yk�1g: Lemma 8 implies that A contains only one vertex, say
x1. Therefore, all of Y are b-vertices with distinct colors (B = Y ). Vertex
x1 needs k�1 distinct colors in its neighborhood. Thus x1 is adjacent to all
vertices of Y . This implies that c(x1) 6= c(yi) for i = 1 to k�1:Without loss
of generality, we may suppose that c(yi) = i + 1 for i = 1 to k � 1: Hence,
c(x1) = 1: Since jBj = k � 1 � 2; all colors of c appear in X: Without loss
of generality, we may suppose, for i = 2 to k; c(xi) = i: It follows that, for

9



i = 1 to k� 1, each b-vertex yi 2 Y is adjacent to all vertices of X�fxi+1g:
Hence, the resulting graph is isomorphic to G3:

The following observation is obvious.

Observation 11 If G is a bipartie graph of order n, then �(G) �
�
n
2

�
:

The following corollary follows easily from Observation 11.

Corollary 12 Every bipartite graph of order n � 3; satis�es b(G) � �(G):

Let F 0
b = Fb�f2K1; 2K1+K2;K1+P3;K1;3; G2g: Using Observation 11,

Corollary 12 and Proposition 6, we can give the following theorem.

Theorem 13 Let G be a bipartite graphs of order n � 3: Then b(G) = �(G)
if and olny if G 2 F 0

b:

Proof. Let G 2 F 0
b: Then it is easy to see that b(G) = �(G): Suppose

that b(G) = �(G): Then b(G) =
�
n
2

�
: It is not hard to verify that if G 2

f2K1; 2K1 +K2;K1 + P3;K1;3; G2g; then �(G) 6=
ln
2

m
: Thus G 2 F 0

b:

4 b(G)� �(G) arbitrarily large
Using Theorem 1, we can deduce the following result:

Theorem 14 For every graph G = (V;E) of order n � 3,

b(G)� �(G) �
ln
2

m
� 2:

With equality if and only if G = K3;K4 or G 2 Fb:

Proof. If �(G) = 1; then b(G)� �(G) = 0. Then we may suppose that
�(G) � 2: If G is a clique, then this bound is obvious. If G is not a clique,

then Theorem 1 implies that b(G) � �(G) � n+ !(G)� 2�(G)� 1
2

: Since

!(G) � �(G), it follows that b(G) � �(G) � n� �(G)� 1
2

� n� 3
2

: Thus,

b(G)� �(G) �
�
n� 3
2

�
=

�
n� 4
2

�
=
ln
2

m
� 2:
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It is clear that the bounds in Theorem 14 are satis�ed with equality
for the complete graph K3 and K4. Suppose that G is not a clique. If

b(G) � �(G) =
ln
2

m
� 2; then n� �(G)� 1

2
=
n� 3
2

: Therefore �(G) = 2:

Hence, G is a bipartite graph and b(G) =
ln
2

m
: Thus G 2 Fb:

Theorem 15 For each vertex v in a graph G of order n � 4,

b(G� v) � b(G) +
jn
2

k
� 2: (4)

Proof. Since jG� vj � 3; Theorem 14 implies that, b(G � v) � �(G �

v) +

�
n� 1
2

�
� 2: Since �(G � v) � �(G) � b(G) and

�
n� 1
2

�
=
jn
2

k
; it

follows that b(G� v) � b(G) +
jn
2

k
� 2:

Note that S. Francis Raj and R. Balakrishnan [2] have recently found
the same upper bound for connected graphs of order at least 5. Here, we
have shown that this upper bound remains valid in the general case.

We have seen that if the bound (4) is achieved, then G belongs to the
class of graphs satisfying �(G� v) = �(G); for every vertex v of G.

Observation 16 Let v be any vertex of a graph G of order n � 4:

If b(G� v) = b(G) +
jn
2

k
� 2; then �(G� v) = �(G):

Proof. Theorem 14 implies that,

b(G� v) � �(G� v) +
jn
2

k
� 2 � �(G) +

jn
2

k
� 2 � b(G) +

jn
2

k
� 2

If b(G� v) = b(G) +
jn
2

k
� 2; then �(G� v) = �(G):

Based upon this observation, we state the following conjecture:

Conjecture 17 For each vertex v in a graph G of order n � 4,

b(G� v) = b(G) +
jn
2

k
� 2 if and only if G = C4; P4; 2P2

11
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