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Abstract

A b-coloring is a coloring of the vertices of a graph such that each
color class contains a vertex that has a neighbor in all other color
classes, and the b-chromatic number b(G) of a graph G is the largest
integer k such that G admits a b-coloring with k colors. In this paper,
we show that every graph G # K, of order n satisfies the inequality

b(@) < {n—l—w(f)—lJ , where w(GQ) is the size of the maximum clique
in GG, and we give a characterization of bipartite graphs that achieve
equality in the above bound. Also we show that for any graph G,
b(G) — x(G) < [g—‘ — 2, and we deduce a characterization of graphs
achieving this bound. In [2], the authors showed that if G is a connected
graph of order n > 5, then for any v € V(G), b(G—v) < b(G)+ LgJ —2.

We confirm this result for an arbitrary graph of order n > 4 and we
conjecture that this bound is achieved if and only if G = Cy, Py or 2Ps.

Keywords: coloring, b-coloring, bipartite graphs

1 Introduction

Let G = (V,E) be a simple graph with vertex-set V and edge-set E. A
coloring of the vertices of G is a mapping ¢ : V. — {1,2,...}. For every
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vertex v € V the integer ¢(v) is called the color of v. A coloring is proper if
any two adjacent vertices have different colors. The chromatic number x(G)
of graph G is the smallest integer £ such that G admits a proper coloring
using k colors.

A b-coloring of a graph G by k colors is a proper coloring of the vertices
of G such that in each color class there exists a vertex having neighbors
in all the other £ — 1 colors classes. We call any such vertex a b-vertez.
The b-chromatic number b(G) of a graph G is the largest integer such that
G admits a b-coloring with & colors. The concept of b-coloring has been
introduced by R.W. Irving and D.F. Manlove [3, 7]. They proved that
determining b(G) is N P-hard for general graphs, even when it is restricted
to the class of bipartite graphs [6], but polynomial for trees [3, 7]. The
N P-completeness results have incited researchers to establish bounds on
the b-chromatic number in general or to find its exact values for subclasses
of graphs (see [4, 5, 6]).

For notation and graph theory terminology we in general follow [1]. Con-
sider a graph G = (V, E). For any A C V, let G[A] denote the subgraph of
G induced by A. For any vertex v of G, the neighborhood of v is the set
Ng(v) = {u e V(G) | (u,v) € E} (or N(v) if there is no confusion), and the
closed neighborhood of v is the set Ng[v] = Ng(v)U{v}. Let w(G) denote the
size of a maximum clique of G. If G and H are two vertex-disjoint graphs,
the union of G and H is the graph G + H whose vertex-set is V/(G) UV (H)
and edge-set is F(G) U E(H). For an integer p > 2, the union of p copies of
a graph G is denoted pG. We let P denote the path with k vertices, and
K}, denote the complete graph with k vertices.

A graph G is called bipartite when its vertex set can be partitioned into
two disjoint parts Xi, Xo such that all edges of G meet both X; and Xo.
A complete bipartite graph G with bipartition (X, X2) is a bipartite graph
such that for any two vertices, z1 € X1 and x5 € X9, x129 is an edge in G.
The complete bipartite graph with partitions of size | Xi| = p and |Va| = ¢,
is denoted K, . A set M of independent edges in a graph G = (V, E) is
called a matching. M™ is said to be perfect if every vertex of G is included
in M*. My is a matching of U C V if every vertex in U is incident with an
edge in M.

In this paper, we show that every graph different from clique satisfies

-1
the inequality b(G) < %

bipartite graphs that achieve equality in the above bound. Also we show that
for any graph G, b(G) — x(G) < {%W — 2, and we deduce a characterization

, and we give a characterization of



of graphs achieving this bound.

2 Upper bound for b(G)

In this section we give an upper bound for the b-chromatic number b(G) in
terms of n and w(G).

Theorem 1 For every graph G # K,, of order n > 2,

b(G)S{njLw(QG)—lJ'

G
Proof. It is easy to see that, if G = K,,, then b(K,,) = %M() =n

Then we may assume that G is not a clique. Let b(G) = k and let ¢ be
a b-coloring of G with k colors and let Vi, V5, ...,V be the color classes
of ¢, where V; consists of the vertices colored ¢ by ¢ for 1 < i < k. Let
t > 0 be the number of color classes that contain a single vertex. If ¢ = 0,

b n n+w(G)—1
then n = ; |Si| > 2k, and therefore, k < 5 < LZ
that ¢ > 1. Without loss of generality, we may suppose that for i = 1, ..., t,
|Vi| = 1. Let 2; any b-vertex of color [ > t. Then z; is adjacent to any vertex

J . Assume

t t
of UV, It follows that (UW) U {x;} induces a complete subgraph of G.
i=1 i=1

k
Thus w(G) > t+1. Since for i > ¢,|S;| > 2, it follows that n = ¢+ Z 1] >
i=t+1
-1
2k — t. This implies that k& < nti < n +w(2G)
u

integer, then we have the desired inequality.

. Since k is a positive

Proposition 2 For any integer n > 4, there exists a graph G with

o) = 2] and b(@) = | AL

Proof. In order to construct our graph, let us consider three sets, A =
{al, ag, ..., a[%-| }, B = {bl, bg, ceey b[%-l} (n > 4) and D = {dl, dg, ceey dr} such

n
that A, B are clique and stable, respectively, with [g-‘ vertices, and D is a



3
clique with r vertices, where rr = [

adjacent to a vertex of D. We join each vertex a; € A to each vertex b; € B
for each i # j. Therefore, for 1 < i < [%-‘ , (AN{a;}) U {b;} forms a clique

with {%1 vertices. If n = 03], then for every i and every j # r, we put

an edge between any two vertices b; € B and d; € D and no vertex of B is
adjacent to a d,. If n = ¢ [3], t € {1,2}, then for every ¢ and every j, we put
an edge between any two vertices b; € B and d; € D.

We denote the graph thus constructed by G. It is easy to verify that
G satisfies the conditions of this proposition. In fact, according to this

n
construction, we see easily that w(G) = [g—‘ In order to show that G

G)-1
satisfies b(G) = {n—kw(z)J’ it suffices to exhibit a b-coloring G with
n+w(G)—1 . . s
ij—colors. Indeed, For any integer ¢, color a; and b; with 7. If

n = 0[3], then for every i # r, color d; € D with [EW + 1, and color d, with
co such that 1 < co <r. If n =1t [3], ¢t € {1,2}, then for any integer 7, color
d; € D with [21 +14. It is clear that this coloring is proper and b-chromatic.
The b-verticers are B U D if t # 0, otherwise B U (D\{d,}). m

The following corollary is an immediate consequence of Theorem 1

1
Corollary 3 If G is triangle-free graph, then b(G) < Ln;— J = [%-‘ :
Definition 4 Let G be a graph and ¢ be a b-coloring of G with b(G) colors.
A set S of b-vertices of ¢ is said to be b-system of ¢ if |S| = b(G) and for
any two vertices x,y of S, c(x) # c(y).

3 Bipartite graphs with b(G) = [%w .

We start this section with a straightforward observation.

Observation 5 Let G be a bipartite graph with bipartition (X1, X2). Let c
be a b-coloring of G with b(G) colors and let S be a b-system of c.

For i = 1,2, if [SNX;| > 2, then all colors of ¢ appear in X; (j # 1).
Moreover, if | X;| = b(G), (j # 1), then all vertices of X; (j # i) have
distinct colors.



The following proposition immediately follows from the Corollary 3.
Proposition 6 FEvery bipartite graph of order n > 3, satisfies, b(G) < {g—‘ .
Next we need two simple lemmas.

Lemma 7 Let G be a bipartite graph with bipartition (X,Y') of order n such
that | X| # |Y|. If there exists a b-coloring of G with [g—‘ -colors, then:

min (| X|,|Y]) + 1 = [g] .

Proof. Suppose there exists a b-coloring of G with [g-‘ -colors. Let

b(G)=k= {g—‘ . Without loss of generality, we may suppose that | X| > |Y|.
Therefore, n = |X| 4 |Y| > 2|Y|. Thus,

Y| < g < [g] = k. (1)

If £ > |Y|+ 2, then X contains at least two b-vertices of distinct colors.
Observation 5 implies that all colors appear in Y. Therefore Y| > [g—"

which contradicts inequality (1). Thus k= Y|+ 1 =min(|X[,|Y])+ 1. =

Lemma 8 Let G be a bipartite graph with bipartition (X,Y') of order n such
that | X| > |Y|. If there exists a b-coloring of G with {g—‘ -colors, then all

b-vertices of X have the same color.

Proof. Let G be a bipartite graph with bipartition (X, Y") of n such that
| X| > |Y] and let b(G) = k = [g-‘ Suppose that X contains at least two b-
vertices of distinct colors. Observation 5 implies that all colors appear in Y.
Thus |Y]| > {g—‘ . Lemma 7 implies that, k—1 = |Y| > {21, a contradiction
to Proposition 6. m

In order to characterize bipartite graphs having a b-chromatic number
equal to {g—" we define five bipartite graphs G; (i = 1,2, 3) with bipartition
(X;,Y;), as follows.

1. Graph G is a bipartite graphs with |X;| = |Yi| > 3 such that X; =
AUC,Y; = BUD where A, B,C and D satisfy the following conditions:



o |[A|=|D|=p,|B|=[Cl=qg>pandp+q>3

o If p> 1, then GIAUB| =K, 4, GIAUD] = K, , — M’ p, GIBUC] =
K, 4 — M3, and possibly there is edges from C' to D.

o Ifp=1,G[AUB] = K 4, G[BUC] = K, q— M}, and possibly there
is edges (at most ¢) from D to X.

If p=0, then Gy = Ky g — Mp -

2. Graph G2 is a bipartite graph with | Xa| = |Y2| +2 > 4 and |Y2| > 2 such
that Xo = {x} U AU {u,v} and Yo = B U {y} where A, B, x,y,u and v
satisfy the following conditions:

o lAl=Bl=p=>1.

N(z) =Y and (AU {z}) C N(y).

Each vertex of B has at least one neighbor in {u,v}.

IN(y) N {u, v} < 1.

If y is adjacent to one of u,v, say u, then v is adjacent to all of B.

If p = 1, then there is no edges between A and B, otherwise, GJAUB] =
Kp7p - MZUB'

3. Graph (73 is a bipartite graph with | X3| = |Y3| +1 > 3 and |Y3| > 2
such that X3 = {x} U A where A, x satisfy the following conditions:

o [Al=p>2.
e 1 is adjacent to all vertices of Y.

o GIAUY|=K,, — M} p.

Let Hy = {K1,2K1, K1 + K3, P3,2K1 + K2,2K5, K1 + P3, Py, K13,C4}
and let 7, = Hyg U {G1, GQ,G?,}.
n

Lemma 9 If G € Fp, then b(G) = H .



Proof. Let G € F,. If G € Hp, then it is not hard to verify that,
b(G) = [%W Then we can suppose that G € {G1, G2, Gs}. By Proposition

6, b(G) < {%—‘ . Thus, to show equality it suffices to give a b-coloring ¢ of G

with {EW -colors. Now assign a coloring to the vertices of G as follows.

i) Coloring of G; = (X1,Y1, E1), where X3 = AUC,Y; = BUD and
| X1| = [Y1]|. Let B = {b1,b2,...,b;} and C = {c1,c2,...,cq}. If |[A| > 1, then
let A ={a1,a2,....,ap} and D = {d;,da, ...,d,}. Color a;,d; with i (1 <i <
p) and bj, ¢; with j+p (1 < j < q). If |[A| = 0, then color b;, ¢; with j
(1<j<q).

i1) Coloring of G = (X2,Y2, E2), where Xy = {z} UAU{u, v}, Ys = BU{y}
and |Xz| = |Ya| + 2. Let |A| = |B| = p > 1 and let A = {aq,a2,...,ap},
B = {b1,ba,...,bp}. Color x with 1 and y with p + 2. If y is adjacent to u,
then color v with 1 and v with p 4+ 2. If y is not adjacent to u, v, then color
u,v with p+ 2. If p > 1, then color a;,b; with i +1 (1 <1 <p). If p =1,
then color a1, by with 2.

ii17) Coloring of G3 = (X3, Y3, E3), where X3 = {z} U A and |X3| = |Y3| + 1.
Let A = {a1,a2,...,ap},Y = {y1,vy2,...,yp} where p = |A|. Color = with 1
and a;,y; with i (1 <i<p+1).

It is easy to verify that this coloring will be a b-coloring with {g—‘ -colors. m

Now we are in a position to prove our main result.
Theorem 10 Let G be a bipartite graph of order n. Then,

b(G) = [g-‘ if and only if G € Fy,.

Proof. Let G be a bipartite graph with bipartition (X,Y’) of order n.
If G € Fp, then by Lemma 9, b(G) = {g—‘ . To prove the converse, let ¢ be

a b-coloring with [g—‘ -colors. Let b(G) =k = [g-‘ . If n <4, then we can

verify that the only graphs that satisfy k = {g—‘ are those belonging to Hg.
Now we can assume that n > 5 and therefore k > 3. Let S be a b-system
of cand let A=SNX and B=SNY. Then |A| + |B| = k. There are two
cases to consider:

Case 1: n is even. Then k = %,n > 6.



Case 1.1: |X|=|Y|=k. Let X = {z1,22,....,2x} and Y = {y1,y2, ..., Yx }-
Case 1.1.1: |A| =0.

Then all of Y are b-vertices with distinct colors. Observation 5 implies that
all vertices of X have distinct colors. Without loss of generality, we may
suppose that, c(z;) = ¢(y;) = i, for i = 1 to k. Each vertex of ¥ needs k — 1
distinct colors in its neighborhood. Thus for ¢ = 1 to k, y; is adjacent to all
vertives of X\ {z;}. Therefore dg(x;) = dg(y;) = k — 1(1 < i < k), which
gives a complete bipartite graph minus a perfect matching corresponding to
a graph G.

Case 1.1.2: |A| = 1.

Then |B| = k—1 > 2. By Observation 5 all vertices of X have distinct colors.
Without loss of generality, we may suppose A = {z1}, B = {y2,Y3, .-, Uk }
c(ry) =1, e¢(z;) = e(y;)) =i for i = 2 to k and ¢(y1) = [ where 1 <[ <
k. Each vertex of B U A needs k — 1 distinct colors in its neighborhood.
Therefore, for i = 2 to k, y; is adjacent to all vertices of X\ {x;}. Hence, 1
is adjacent to all vertices of B and y; is not adjacent to x;. Vertex y; may
be adjacent to r (0 < r < k — 1) vertices of X. Thus, 0 < dg(y1) < k — 1,
which gives a graph corresponding to Gj.

Case 1.1.3: |[A|=p>1land |[B|=k—p>1.

Observation 5 implies that all vertices of X (respectively, Y') have distinct
colors. Without loss of generality, we may suppose that c(z;) = c(y;) = 1,
for i =1 to k, and A = {x1,22,...,x,}. Therefore B = {yp11, Yp+2, ..., Uk }-
Let C = X\ A and D = Y\B. Then |A| = |D| and |B| = |C|. Each
b-vertex x; € A (respectively, y; € B) is adjacent to all vertices of Y\ {y;}
(respectively, X\ {z;}). Hence, the graph obtained is a bipartite graph
defined by X = AUC and Y = BU D where G[AU B] = K, G[AU D],
G[B U C] are two complete bipartite graphs minus a perfect matching, and
possibly there is edges from C and D. Thus the resulting graph is isomorphic
to Gl.

Case 1.2: |X| #]Y].

Without loss of generality, we may suppose that | X| > |Y|. Lemma 7 implies
that
Y|=k—1>2 (2)



Since | X| =n — |Y| with n = 2k, (2) implies that
I X|=Y|+2=k+1>4 (3)

Let X = {z1,z2,...,2541} and Y = {y1, y2, ..., yp—1 }- Lemma 8 implies that
contains only one vertex, say x1. This implies that |B| = k—1 > 2. Therefore
(2) implies that all vertices of Y are b-vertices with distinct colors. Also 1
is adjacent to all vertices of Y. Without loss of generality, we may suppose
that ¢(y;) =i+ 1 for ¢ = 1 to k — 1. Therefore ¢(xz1) = 1. Since |B| > 2,
all colors of ¢ appear in X. Hence (3) implies that X contains exactly two
vertices of the same color, say xky1,2p, where 1 < h < k. Without loss of
generality, we may suppose that, for i = 2 to k, c(z;) = .

Case 12.1: x;, is a b-vertex

Since |A| =1, h =1 and therefore c(x},) = c¢(zx+1) = 1. Since all vertices of
Y are b-vertices, it follows that, for i = 1 to k — 1, y; is adjacent to all of
X\{Zk+1, Tit1}. Vertex xp41 may be adjacent to r (0 < r < k —1) vertices
of Y. Thus, the resulting graph is isomorphic to Gs.

Case 12.1: zp is not a b-vertex

Then h # 1. Suppose that h = k > 1. Since ¢(yx—1) = k, yx—1 is not
adjacent to zy, xr11. Since yp_1 is a b-vertex, yi_1 is adjacent to all vertices
of X\{zk,xk4+1}. Then, by the same argument, for i« = 1 to k — 2, y; is
adjacent to all of X\ {zk, x+1,Zit1}, also y; has at least one neighbor in
{xh, zk41}. Vertices 11 and zy are not adjacent to y. Thus the resulting
graph is isomorphic to Gbs.

Case 2: n is odd.

1
Then k£ = %,n > 5. Without loss of generality, we may suppose that

|X| > |Y]. Lemma 7 implies that |Y| = £k — 1. Since |X| =n — Y| =
n—(k—1)withn=2k—1,|X|=|Y|+1=k. Let X = {z1,22,..., 21} and
Y ={y1,v2, ..., yk—1}. Lemma 8 implies that A contains only one vertex, say
x1. Therefore, all of Y are b-vertices with distinct colors (B =Y'). Vertex
x1 needs k — 1 distinct colors in its neighborhood. Thus x; is adjacent to all
vertices of Y. This implies that c¢(z1) # ¢(y;) for i = 1 to k— 1. Without loss
of generality, we may suppose that ¢(y;) =i+ 1 for ¢ = 1 to k — 1. Hence,
¢(x1) = 1. Since |B| = k — 1 > 2, all colors of ¢ appear in X. Without loss
of generality, we may suppose, for i = 2 to k, c¢(x;) = i. It follows that, for



i =1to k—1, each b-vertex y; € Y is adjacent to all vertices of X\ {zi+1}.
Hence, the resulting graph is isomorphic to G3. m

The following observation is obvious.

Observation 11 If G is a bipartie graph of order n, then a(G) > [%1 .
The following corollary follows easily from Observation 11.

Corollary 12 FEvery bipartite graph of order n > 3, satisfies b(G) < a(QG).

Let ]:,; = F\{2K1, 2K+ Ky, K1+ P3, K1 3, G2 }. Using Observation 11,
Corollary 12 and Proposition 6, we can give the following theorem.

Theorem 13 Let G be a bipartite graphs of order n > 3. Then b(G) = a(G)
if and olny if G € .7-";).

Proof. Let G € F,. Then it is easy to see that b(G) = a(G). Suppose
that b(G) = a(G). Then b(G) = [%]. It is not hard to verify that if G €

(2K1, 2K, + Ko, K1 + Py, K1.3,Ga}, then a(G) # {g] Thus G € 7). m
4 b(G) — x(G) arbitrarily large
Using Theorem 1, we can deduce the following result:

Theorem 14 For every graph G = (V, E) of order n > 3,

b«»—x«ng[g]—z

With equality if and only if G = K3, K4 or G € F.

Proof. If x(G) =1, then b(G) — x(G) = 0. Then we may suppose that
X(G) > 2. If G is a clique, then this bound is obvious. If G is not a clique,

-2 -1
then Theorem 1 implies that b(G) — x(G) < n+w(G) = 2d(G)

. Since
-x(G) -1 < n—3

w(G) < x(G), it follows that b(G) — x(G) < n S5

b«»—x«ns{”Q3J:{”g4wz[g]_z

. Thus,




It is clear that the bounds in Theorem 14 are satisfied with equality

for the complete graph K3 and Kj4. Suppose that G is not a clique. If
_ -1 _

b(G) — x(G) = {g—‘ — 2, then n X(QG) == 5 3. Therefore x(G) = 2.

Hence, G is a bipartite graph and b(G) = [g—‘ . ThusG€Fp. m

Theorem 15 For each vertex v in a graph G of order n > 4,

b(G —v) < b(G) + H _9. (4)
2
Proof. Since |G — v| > 3, Theorem 14 implies that, b(G — v) < x(G —
v) + {nzl-‘ — 2. Since x(G —v) < x(G) < b(G) and [n21-‘ = [%J , it

follows that b(G — v) < b(G) + {gJ -2. =

Note that S. Francis Raj and R. Balakrishnan [2] have recently found
the same upper bound for connected graphs of order at least 5. Here, we
have shown that this upper bound remains valid in the general case.

We have seen that if the bound (4) is achieved, then G belongs to the
class of graphs satisfying x(G — v) = x(G), for every vertex v of G.

Observation 16 Let v be any vertex of a graph G of order n > 4.

IFb(G —v) = b(G) + gJ — 2, then x(G - v) = x(G).

Proof. Theorem 14 implies that,
n n n
—v) < — —|—-2< — | —2< )
b(G —v) < x(G —v) + [QJ 2 < \(G) + [QJ 2 < b(@) + M 2
n
It (G — v) = b(G) + bJ — 2, then x(G —v) = x(G). =
Based upon this observation, we state the following conjecture:

Conjecture 17 For each vertex v in a graph G of order n > 4,

(G — v) = b(G) + gJ — 2 if and only if G = C4, Py, 2P,

11
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